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Résumé en francais

Les systemes complezes, qu’il s’agisse de communautés écologiques, de réseaux de neurones, ou
de I’économie mondiale, sont composés de nombreux éléments simples interagissant de maniere
hétérogene. Ces systémes peuvent manifester des phénomeénes inattendus et des comportements
émergents. La physique statistique, qui étudie les propriétés des systémes composés d’un grand
nombre d’entités en interaction, fournit les clefs pour en comprendre l'origine. Plusieurs outils
ont été développés pour étudier les systemes dans lesquels les interactions hétérogenes jouent un
role essentiel [7]. Pourtant, on en sait encore peu sur ce qui se produit lorsque deux ou plus de
ces systémes complexes sont couplés. Cette situation apparalt des qu’il existe plusieurs niveaux
d’organisation [8,9] : par exemple, des communautés écologiques locales reliées par la migration
(Figure 1), des réseaux de neurones avec des objectifs opposés, ou encore des entreprises com-
plexes formant une économie. C’est précisément cette problématique qui constitue le coeur de
cette thése.

Les systémes que j’ai étudiés sont également caractérisés par des processus irréversibles, ou
la dynamique du systeme se distingue nettement de celle observée si elle était jouée a rebours
dans le temps. De nombreux exemples se rencontrent en écologie. L’extinction d’une espéce est
un événement irréversible, tout comme 1’évolution des abondances d’un prédateur et de sa proie.
Dans une dynamique prédateur-proie, une augmentation des proies entraine toujours une aug-
mentation des prédateurs, tandis qu’'une augmentation des prédateurs conduit inévitablement
a une diminution des proies. Cette asymétrie est une conséquence des leurs interactions non
réciproques. Ainsi, 'ordre des événements impose une direction temporelle bien définie.

Cette irréversibilité place ces systémes hors d’équilibre, ce qui élargit considérablement la
gamme des phénomenes possibles. Elle permet notamment 1’émergence de dynamiques chao-
tiques, d’ondes d’activité ou encore de phases d’oscillation. Si ces comportements ont été large-
ment étudiés dans le cas de peu de degrés de liberté couplés, leur généralisation aux systemes
complexes nécessite le développement de nouveaux cadres théoriques.

Cette these est divisée en deux parties : dans la Partie I, je décris des métacommunautés
écologiques complexes (introduites au Chapitre 2); dans la Partie II, j’étudie des paires de
systémes complexes couplés par des interactions non réciproques (introduites au Chapitre 5).
L’un des liens entre les deux parties est méthodologique : le principal outil théorique utilisé
tout au long de la theése est la théorie du champ moyen dynamique (ou Dynamical Mean Field
Theory, DMFT), qui est introduite au Chapitre 3. Elle permet de donner une description
d’un systeme composé de nombreux éléments en interaction a travers une dynamique effective
d’un seul de ses éléments, couplé a une source de flutuations supplémentaire. Appliquée aux
systeémes écologiques, elle nous permet de faire le lien entre les modeles écologiques complexes
et les descriptions stochastiques d’une seule espece, ce qui permet de comprendre pourquoi ces
deux perspectives donnent souvent des résultats similaires.
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Communautés écologiques

L’un des systemes complexes auxquels je m’intéresse est celui des communautés écologiques, dont
les composantes de base — souvent en trés grand nombre — sont les espeéces. Leurs interactions
peuvent étre extrémement variées, allant de la compétition pour les ressources au mutualisme, en
passant par la prédation. Leur dynamique n’est pas soumise aux mémes contraintes que celles
des systemes physiques classiques, mais peut néanmoins étre analysée a ’aide de techniques
similaires [1,5,10-12].

Figure 1: Schéma d’une méta-communauté écologique, qui sera étudié dans la partie I de la
these.

Dans le Chapitre 4, jétudie des systemes écologiques a extension spatiale (ou méta-
communautés) soumis a des fluctuations. Les écosystémes naturels sont soumis a diverses fluc-
tuations, dues a des perturbations externes, a la dynamique écologique (qui peut étre chaotique)
ou a la stochasticité de la naissance et de la mort des individus. Ces fluctuations provoquent
des extinctions qui, dans une communauté isolée, entralnent une perte irréversible de la diver-
sité. Cela est évité si 'on consideére un réseau spatial de communautés interconnectées par la
migration (Figure 1). Dans ce cas, une extinction locale peut étre compensée par une recoloni-
sation & partir d’individus provenant d’un site ou ’espece est abondante. En combinant des
outils analytiques sophistiqués (comme la théorie du champ moyen dynamique, la méthode des
répliques ou la théorie statistique des champs) et des simulations numériques, j’ai montré que la
présence d’interactions hétérogenes permet de stabiliser le systeme bien au-dela de ce qui serait
possible pour une espéce isolée [1]. Cela se produit griace a ’émergence spontanée d’interactions
mutuellement bénéfiques: seules les especes qui collaborent survivent. Dans le méme temps,
ces interactions mutualistes géneérent un point de bascule, ou 1’écosystéme peut soudainement
s’effondrer, passant d’un état de grande diversité a un état d’extinction totale. Cette transition
peut étre déclenchée par une diminution du taux de migration qui, dans les écosystemes naturels,
pourrait étre due a la fragmentation des habitats causée par 'homme. Apres la transition, le
systéme reste dans 1’état dégradé, méme si le taux de migration est & nouveau augmenté : il
y a un effet d’hystérésis. Il est donc crucial de prévoir I'approche du point de bascule avant
qu’il ne soit atteint. J’ai montré que cela peut étre fait en étudiant la réponse du systeme aux
perturbations, qui diverge avant le point de transition.
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Interactions non réciproques

Dans le Chapitre 6, j’étudie le couplage macroscopique non réciproque d’agents dotés d’une
dynamique interne complexe (Figure 2), comme des paires de réseaux de neurones avec des
objectifs opposés. Ces systémes présentent un intérét majeur, tant sur le plan théorique que
pour leurs applications pratiques, notamment dans le cadre des réseaux antagonistes génératifs.
Toutefois, ils restent mal compris en raison des défis posés par ’étude simultanée des interactions
hétérogenes et de la dynamique hors équilibre.

/'\XK

Figure 2: Schéma d’une paire de systemes complexes couplés de maniere non réciproque, qui
seront étudiés dans la partie II de la these.

Certains systémes complexes peuvent subir une transition de phase, apres laquelle ils
présentent un phénomeéne appelé wieillissement : plus le systéme est ancien, plus il évolue
lentement. Il avait été suggéré que toute non-réciprocité détruirait ce phénomene, menant a
la place & une dynamique chaotique [13]. Dans le Chapitre 6, je montre au contraire que le
sort de cette phase ralentie dépend de la maniére dont cette non-réciprocité est introduite [2].
J’ai découvert une transition d’une phase désordonnée statique a une phase amorphe oscillante,
caractérisée par un vieillissement non réciproque avec une dynamique lente et des oscillations.
Je travaille actuellement sur la généralisation de ces résultats a d’autres systémes désordonnés.
Quelques résultats préliminaires sont présentés au Chapitre 7.

Dans le Chapitre 8, j’étudie l'effet des interactions non réciproques sur le comportement
critique de paires de systemes subissant une transition de phase. J’ai développé des criteres
sur les propriétés des systémes avant le couplage qui permettent de prédire si le comportement
critique serait modifié par différents types de perturbations infinitésimales non réciproques.

Les outils pour I’étude des systémes complexes couplés a I’échelle macroscopique que j’ai
développés au cours de ma these pourraient avoir de nombreuses applications dans beaucoup
d’autres systemes biologiques ou plusieurs niveaux d’organisation coexistent.
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Chapter 1

Introduction

1.1 Complex systems

Statistical physics studies systems composed of many simple units. The central idea is to
renounce to predicting the dynamics of each of the components, and giving instead a statistical
description of the macroscopic properties of the whole system. Let us for example consider a
glass of water, which is composed by an enormous number of molecules. While a single water
molecule is not too strongly affected by moderate changes in temperature, cooling the entire
glass of water can cause it to freeze, dramatically altering its physical properties. This is what
we call a phase transition. Phase transitions cannot be understood extrapolating the behavior
of just a few particles: they are a collective phenomenon. The observation that radically new
properties emerge when going from a few to many components is well synthesized by the famous
quote by P. W. Anderson “more is different” [14]. We will say that a system is complex if it
exhibits such emergent properties.

The units that make up our system do not need to be particles or molecules: we can think
of many neurons composing a brain, many birds flying together in a flock, or many species
forming an ecosystem. The study of such diverse ecosystems will be a central focus of this
thesis. A neuron, a bird, or a species may not be simple objects, but the emergent behavior of
the systems they compose does not depend too strongly on their properties. We can therefore
try to understand it studying simplified models with the tools of statistical physics. While the
single unit’s features are not too important, a crucial role will be played by their interactions.

The properties of complex systems are in general very robust: a flock can continue its flight
even if one of its birds is attacked by a predator. This is the opposite of what happens in
complicated systems, such as a clock, which also consist of many components but rely on each
playing a precise role. In such a system, removing even a single element can immediately disrupt
the collective behavior. This robustness is one of the reasons why complexity is so widespread
in biological systems.

The interactions between components can be heterogeneous. In an ecosystem, the interaction
between a wolf and a rabbit is very different to the one between a flower and a bee. This
heterogeneity in the interaction network is itself the origin of distinctive phenomena, and we
call systems that exhibit it disordered systems. An approach that has been very successful in
a range of fields, from nuclear physics to machine learning, consists in replacing heterogeneity
with randomness. For example, we will study models of ecosystems in which the interaction
between any two species is randomly selected. Some of the properties of the system, such as the
behavior of any individual species, will also turn out to be random. Crucially, however, some
of the large scale phenomenology will be the same across typical realizations of the interaction
network. As a result, predictions made on the random system will be relevant to the original



Chapter 1: Introduction

heterogeneous one.

1.2 Equilibrium and non-equilibrium

Many of the tools of statistical physics have been developed assuming that the system we want to
study is at equilibrium. To be at equilibrium, a system needs to be stationary: any macroscopic
property we might want to measure must be constant in time. This is nevertheless not sufficient.
A classical system is at equilibrium if it is invariant under time reversal: this means that if we
record a video of the evolution of the system and we play it backwards in time, the forward
and backwards movies must be statistically indistinguishable. In other words, the forward and
backward trajectories should have the same probability.

Classical physical systems are described by Newton’s laws, which are reversible in time. In
this case, if the system is isolated and we reach a stationary state, it will be an equilibrium one.
We can then think of two reasons why a system could be out of equilibrium: either its dynamics
is irreversible (and thus violates Newton’s laws), or the system has not reached stationarity (yet,
but maybe it never will). We will see examples of both cases in this thesis.

Figure 1.1: Irreversibility depends on the description scale: the dynamics of the atoms inside
a bird are reversible, the flight of a bird is not. If we only observe the position of the bird, the
dynamics could become reversible again.

An example of irreversible dynamics is the flight of a bird: watching the inverted movie it
would be clear that the bird cannot possibly be flying backwards. Of course, all the microscopical
dynamics of the atoms that compose the bird are perfectly reversible (albeit out of equilibrium).
However, we can give a coarse-grained description of the system as a stylized shape of a bird and
its position (Figure 1.1), and this would evolve according to an effective irreversible dynamics.
Note that if we coarse grain the system even more, and we only consider the position, the
dynamics might become reversible again, since the bird could be flying in either direction.
Irreversibility can thus crucially depend on the scale at which we observe our system.

The dynamics of ecosystems is also often irreversible. The extinction of a species is for
example an irreversible event. Another case that will be discussed in great detail in this thesis is
non-reciprocal interactions, such as the ones between a predator and its prey (Figure 1.2). The
two species have opposite effects on each other: an increase in the number of predators leads to a
decrease in the prey, whereas an increase in the prey leads to an increase of the predators. This
asymmetry allows us to easily distinguish the forward and backwards processes, highlighting the
irreversibility of the dynamics.

An example of a system with a reversible microscopic dynamics that is out of equilibrium is
glass. When a glass-forming material is rapidly cooled, its dynamics slows down dramatically.
The time it would require to relax to equilibrium increases so much that it remains out of
equilibrium on every reasonable timescale. Glasses therefore never reach a steady state. Instead,
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Figure 1.2: A predator and its prey interact in a non-reciprocal way.

they perform aging: as time goes on, their dynamics becomes slower and slower, explicitly
depending on the age of the system. Their molecules don’t have time to arrange in a crystalline
structure, and remain stuck in an amorphous one, which is very similar to that of a liquid. Why
liquid and glasses have such different physical properties despite having very similar structures
is still an open question. Because of the disorder in their structure, glasses can exhibit similar
behaviors to systems with random interactions. Many of the results on aging dynamics have
been obtained studying spin-glasses, simplified models with random frustrated interactions that
display a transition to an aging — or glassy — phase at low temperature.

Since much of statistical physics relies on equilibrium, studying dynamics that violate it
leads to significant technical challenges. For this reason, these kinds of systems are still poorly
understood. At the same time, being out of equilibrium allows for an incredible variety of
complex phenomena, the most interesting of which might be life itself.

1.3 Coupled complex systems

/l\§K

(a) Ecological meta-community (b) Non-reciprocally coupled complex systems

Figure 1.3: Sketches of (a) an ecological meta-community, which will be studied in Part I of
the thesis, and (b) a pair of non reciprocally coupled complex systems, which will be studied
in Part II.

Besides being complex and out of equilibrium, living systems often also display multiple
levels of organization [8,15]. For example, many cells can form an organism, many organisms
form a population, and many populations form an ecosystem. At each of this organizational
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levels complexity can play an important role. Modeling such hierarchical structures requires
understanding what happens if we couple two — or many — complex systems. This question
will be central throughout this thesis.

I will study two concrete examples of coupled complex systems. In Part I of the thesis,
I will describe spatially-extended diverse ecosystems (Figure 1.3a), in which local ecological
communities — each composed of many species — are coupled in space by migration of individuals
from site to site. In Part IT of the thesis, I will study what happens when two complex systems are
non-reciprocally coupled at the macroscopic level (Figure 1.3b). I will in particular investigate
how this affects aging dynamics and phase transitions. Because these two subjects belong to
quite different fields, I have decided to introduce them separately, respectively in Chapter 2 and
Chapter 5.

There are nevertheless several points of contact between the two parts. In both cases we
will deal with systems in which heterogeneity plays an important role, and we will model it
via random interactions. The non-equilibrium nature of both systems will restrict our choice
of analytical techniques. A central tool throughout the thesis will be Dynamical Mean Field
Theory (DMFT), which is presented in Chapter 3. It allow us to give an effective description
of a many-body system in terms of the dynamics of a single representative degree of freedom,
which is subjected to some additional noise and memory terms. Because of the hierarchical
structure of the systems I studied, I had to generalize this method to consider multiple coupled
representative degrees of freedom: one for each local community in the case of spatially extended
ecosystems, and one for each agent in the case of the non-reciprocally coupled complex systems.

The rest of the thesis is organized as follows. In Chapter 4, based on reference [1], I study a
model for spatially extended ecosystems composed of many heterogeneously interacting species
subject to fluctuations. In Chapter 6, drawing on references [2] and [3] (both currently under
review), I explore the dynamics arising from the non-reciprocal coupling of two simple aging
systems. In Chapter 7, I present ongoing work extending the results of the previous chapter to
more complex models. In Chapter 8, I investigate the conditions under which the introduction
of a small degree of non-reciprocity can dramatically alter a phase transition. These results will
be the subject of a forthcoming publication [4]. Finally, Chapter 9 offers concluding remarks
and future perspectives. Two of my publications, references [5] and [6], will not be treated in
this thesis.
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Diverse ecological systems






Chapter 2

Community Ecology and Disordered
Systems

Ecology studies how different living organisms interact with each other and with their environ-
ment. It encompasses multiple scales both in the system size, going from bacteria interacting
in the gut of a fly [16] to a tropical forest [17], and in the organizational level, studying how
individuals behave and interact with each other, but also the dynamics of a species’ population,
the way many species form a community, and how this community is embedded in an ecosystem.
While many of the relevant processes are specific to the ecosystem we are considering, at each
of these organizational levels common phenomena and patterns emerge [18]. This suggests that
some of the mechanisms at play may be general and robust enough to be captured by highly
simplified mathematical models.

The first common observation is the mere number of species that can be found in a given
environment, called species richness or diversity. Why don’t a handful of species out-compete
all the others, driving them to extinction? This is one of the central questions of community
ecology, which studies the patterns in the abundance and distribution of the species that live
and interact in a given environment [19-21].

A very simple ecological experiment consists in walking through a forest and counting the
number of individuals, or abundance, of each species encountered. As it was already noted by
Darwin [22], we would find that species can strongly differ in frequency, with a few being very
common and others quite rare. This is quantified by the Species Abundance Distribution (SAD),
which describes how many species fall in a given range of abundances [18]. SADs have similar
shapes in very different ecosystems, and this is one of the patterns that community ecology tries
to explain.

Counting individuals and species is at the basis of the quantitative approach to ecology. In the
last decades these tasks have been radically streamlined — especially for microbial communities
— by the advent of high-throughput sequencing and metabarcoding [23-25]. These techniques
allow to quickly determine which species are present and their relative abundance by analyzing
the genetic material found in a sample. The increasing availability of spatio-temporal resolved
data [26] has led to a renewed interest in the modeling of the time evolution of the species
abundance in diverse ecological communities.

Besides the theoretical interest of uncovering the principles that determine how different life
forms assemble and interact, ecology is rich in practical applications. Ecosystems benefit humans
in a variety of ways, called ecosystems services: just to name a few examples, they provide food
and resources, regulate hydrological and oxygen cycles, help mitigate the effects of extreme
weather, and ensure crop pollination [27]. Understanding how the resilience and functioning
of ecosystems might be affected by changing environmental conditions is a pressing question
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in the light of climate change and human-induced habitat fragmentation [18,28]. Because of
the key role of the microbiome in regulating human health, predicting and possibly controlling
behavioral shifts in complex ecosystems can also have important medical applications [29-31].

2.1 Niche versus neutral paradigm

Most ecological theories that try to make sense of the incredible diversity observed in natural
ecosystems can be organized between two opposite paradigms: the niche and neutral theories.

The ecological niche of a species, first introduced by Joseph Grinnel in 1924 [32], was defined
by Charles Elton as “its place in the abiotic environment, its relations to food and enemies” [33].
According to niche theory, species are able to coexist because each of them exploits the envi-
ronment and the rest of the ecosystem in a different way. For example, birds with different
beaks shapes have different feeding behaviors, allowing them to avoid competition [34]. The
other side of the medal is the “competitive exclusion principle” [35,36], which states that two
species that occupy the same niche cannot coexist at constant population values. The concept
of niche was later formalized by George Evelyn Hutchinson as the hyper-volume in the space of
environmental variables (for example temperature, humidity, or a resource availability) in which
a species is able to survive [37]. Because of competition with other species, each species does
not occupy entirely this fundamental niche, but only its realized one. The interaction strength
between two species can thus be linked to their niche overlap. On evolutionary time-scales,
competing species will decrease their niche overlap, undergoing niche differentiation.

One of the main limitations of the niche framework is its lack of predictive power: it allow
us to rationalize the coexistence of two species by contrasting their needs and preferences,
but it is very hard to predict how many niches are present in a given environment without
counting the species that actually occupy them. An attempt to address this issue was made
by MacArthur with his consumer-resource model [38,39], which describes the dynamics of the
abundances of S species that rely on R resources. From the MacArthur model, it is possible
to show that the ecosystem can only reach a stable equilibrium if S < R, meaning that the
number of species cannot exceed the number of available resources. This bound is violated in
many natural ecosystems, and most notably in planktonic communities: thousands of different
species are found in a single sample of sea-water [40,41], all relying on a handful of resources.
This is sometimes called the “plankton paradox” [42].

While niche theory starts from the assumption that species are so different that they barely
interact, neutral theory assumes that species are essentially indistinguishable, or functionally
equivalent, and differences in species abundances derive from random fluctuations, called in this
context ecological drift [43,44]. This equivalence is usually assumed at the individual level,
meaning that the birth and death rates of each individual do not depend on its species identity.
Neutral theory can either be considered an approximation of real ecosystems, in which species
are presumably not identical, or a null model, that allow us to assess the impact of other relevant
ecological processes. Despite its shockingly simple assumptions, the theory is able to correctly
reproduce several static macroecological patterns, such as the species abundance distribution
or the species-area relationship [43,45,46]. If regarded as a null model, neutral theory suggests
that many of such static patterns can be explained without much complex ecological modeling.
This raises the question of which observables are affected by all the ecological processes that are
not included in neutral theory, and would therefore allow to discriminate between alternative
hypothesis. One promising candidate is temporal patterns [47], such as times to extinction,
which neutral theory fails to reproduce accurately [48,49]. This offers further motivation to the
development of models that describe the dynamics of diversity-rich ecosystems.
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2.2 Deterministic growth of a single species

In the following we will study mathematical models for the dynamics of the abundance, i.e. the
number of individuals, of one or more species. This is a discrete (integer) variable, but we will
rescale it by some typical size of the population /V;,,, so that the abundance N will be of order 1.
Since populations are often composed by a very large number of individuals, after the rescaling
the discrete values that N can assume will be very closely spaced, and we will approximate it
to be a continuous variable. This allows us to write differential equations for its evolution.

The simplest hypothesis we can make on a populations growth is that each individual re-
produces and dies with the same rate. This implies that the growth of the population is at all
times proportional to its abundance. Representing the abundance as a continuous variable NV,
we can write the general ecological differential equation:

N = Nr(N,E) . (2.1)

We have indicated with E all biotic and abiotic factors on which the growth rate r may depend,
such as temperature, resource availability, or abundances of other species. The growth rate is
the difference between the birth and the death rate, and as such it can also be negative. Despite
its simplicity and generality, this equation has a first important property, that indeed is a crucial
feature of ecological systems: N = 0 is a fixed point, meaning that if a species goes extinct, it
will remain so indefinitely. In this sense, extinction is an absorbing state.

Assuming the growth rate to be simply a constant, we obtain the Malthusian growth model:

N = ToN . (22)

Starting from a finite population, the solution of this differential equation is exponential growth
if ro > 0 (Fig. 2.1), and exponential decay if 7o < 0.

Note that under the approximation of continuous N, even in the case of exponential decay
the abundance remains strictly positive at all times. This means that the species never goes
extinct, and if the growth rate suddenly changes sign it can grow back to finite abundances.
Nevertheless the approximation of continuous N breaks down for N ~ O(1/Nyy,), when the
unrescaled number of individuals would approach 1. One way to reintroduce species extinctions
is to impose an extinction threshold: if N crosses 1/Ny,, we declare that the species is extinct
and we set N = 0 at all later times.

While this could be a good approximation when a species is first introduced in a new envi-
ronment [50], exponential growth cannot persist indefinitely: in any realistic system there is a
finite concentration of resources (water, nutrients or even just space), which will eventually lead
to competition between individuals and a slowdown of reproduction. To model this limitation
effect, we can hypothesize that the growth rate is not constant, but depends on the abundance.
In the logistic growth model, this dependence is assumed to be linear: r = rg (1 — %), where k
is the carrying capacity of the species. The dynamical equation then becomes:

N =rgN (1 - ]ID , (2.3)

whose solution is

B k
(g ) e

N(t) converges to k for all initial conditions N (0) > 0 (Fig. 2.1): the carrying capacity is a stable
fixed point of the dynamics. Indeed it represents the abundance at which the birth and death

N(t)

(2.4)

9
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exponential
—— logistic

Figure 2.1: Exponential and logistic dynamics. For the latter, we considered two different
initial conditions, showing that the abundance converges to the carrying capacity both from
higher and lower initial conditions.

rates of the population are perfectly balanced, so that the growth rate is zero. By appropriately
choosing the rescaling factor of N (which we called N,)), we can always set k = 1.

In the following we will absorb a 1/k factor in the constant rg, so that the dynamical equation
becomes:

N =7roN (k—N) . (2.5)

The logistic equation can give a good quantitative description of the growth of an isolated
species, but, being a phenomenological model, it has no guarantee to hold in every situation.
Indeed, a plethora of other growth models have been proposed over the years. The limitation of
growth could for example be non-linear, as in the #-logistic model [51]:

N =roN (1 — @])9) . (2.6)

Another popular approach consists in assuming that the growth of the population is limited
by the availability of a resource R. In the Monod model [52] this is described by

. R

N = rpmaz——N | 2.7
Fmar e (2.7)

where K g is the concentration of the resource that allows growth at half the maximum rate. As
the species grows, it consumes the resource according to:

R=—-8N . (2.8)

This model also leads to a saturation of growth, but this is more strongly nonlinear than in the
logistic case, especially if the resource is initially widely available.

As we will argue in Section 2.6, the collective properties of complex ecosystems are often
not too sensitive to the details of the dynamics. In the following, we will therefore focus on the
logistic model because of its simplicity.

10
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2.3 Stochastic dynamics

In a natural ecosystem, environmental conditions are not fixed: temperature, humidity or re-
sources availability might fluctuate in time. Since we are not interested in building a model
that would predict their behavior, we will assume that they undergo some stochastic dynamics.
Moreover, since we do not know all the complex biological details that govern the life of each
individual, we will also treat births and deaths as being random events.

We will distinguish two kinds of stochasticity: if it affects all individuals in the same way, we
will call it environmental, if it acts on each individual independently, we will call it demographic.

2.3.1 Environmental noise

The probability of each individual to die or reproduce will generically depend on the environ-
mental conditions. We will incorporate environmental fluctuations in the dynamical equation
for the abundance of the population by adding a noise term to the carrying capacity [53-58]:

k(t) = ko + () . (2.9)

The statistics of the noise (t) depends on the process that generates the fluctuations: it could
jump between two values depending on some binary condition (e.g. sun or rain), it could have
an oscillating mean describing seasonal trends, or it could have a power law distribution. In the
following, we will focus on the case in which the distribution of £ is stationary and Gaussian.
Thanks to the law of large numbers, this is a good approximation whenever the fluctuations are
generated by the combination of many independent stochastic processes. We will absorb any
deterministic component in the carrying capacity, so that the noise has zero mean. Thanks to
Gaussianity, to fully determine its distribution we only need to specify its correlations:

(EME)) = Ce(t = 1) . (2.10)

We will indicate with angular brackets (-) the average over noise. The correlation function
Ce(t —t') only depends on the difference between the two times because we are assuming the en-
vironment to be time translationally invariant. It will generically be a monotonically decreasing
function that decays to zero at long times. We can for example consider exponentially correlated
noise:

(2.11)

T¢ is the amplitude of the noise, whereas 7 is its correlation time.
When 7 — 0, i.e. when the intrinsic timescale of the fluctuations is much smaller than the
ecological timescales, the noise becomes delta correlated in time:

(EMER) = 2Tgo(t — 1) . (2.12)

We will refer to this case as white noise, and to the finite 7 one as colored noise.
Since this noise is added to the carrying capacity, in the dynamical equation it will multiply
the abundance':

N =roN (k+£(t) — N) . (2.13)

Since the noise is multiplicative, it is important to state which discretization we are using. Because even in
the white noise case we imagine these fluctuations to be the limit of some finite correlation noise, we will use in
this case Stratonovich discretization.

11
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This means that when the species is at low abundances the noise term will be small. We will show
in Chapter 3 that in the continuous N approximation these fluctuations cannot lead a species
to extinction [53-57]. This is instead possible if we again consider an extinction threshold, or
the combined effect of demographic and environmental stochasticity.

Typical realizations of the time evolution of N under white and colored environmental noise
are shown in Figure 2.2a and 2.2b.
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(a) Environmental noise, 7=0  (b) Environmental noise, 7 = 10 (c) Demographic noise

Figure 2.2: Time evolution of the abundance under environmental (Eq. (2.13), T¢ = 0.3) or
demographic (Eq. (2.14), T'= 0.1) noise.

2.3.2 Demographic noise

Stochasticity also occurs at the individual level: the death or reproduction of each individual
depends on random encounters with predators or resources and on many biological details that
we do not aim to model here?. We will therefore assume that each individual has a certain
probability rate of dying (decreasing by 1 the number of individuals) or reproducing (increasing
by 1 the number of individuals). The combination of these independent stochastic processes
leads to demographic fluctuations of the abundance N. Thanks to the law of large numbers,
when the number of individuals is large these fluctuations are Gaussian, and their variance is
proportional to N. This can be rigorously shown starting from an agent-based description of
the population [59, 60].

We will model these fluctuations as a Gaussian white noise

tO\/N:

3 with amplitude proportional

N =7roN (k— N+ &) +n(t)VN , (2.14)
where

(n(tn(t')) = 2T5(t ) . (2.15)

We will see that T" plays the role of an effective temperature. Changing the rescaling factor N,
modifies the effective temperature as T o< 1/Nyy, [5,59,60]. Demographic noise is therefore only
relevant if the characteristic size of the population is not too large. Its relative effect is maximal
at small abundances, i.e. when the species is close to extinction.

2Tt could also be relevant to consider stochasticity sources that are correlated over some fraction of the indi-
viduals, possibly leading to some intermediate scaling. We will not consider this possibility.

3The amplitude of the fluctuations at time t+dt depends on the number of individuals that can die or reproduce
at time t, it is therefore natural to use Ito discretization. This correctly leads to the fact that if a species is extinct
its abundance will stop fluctuating, and it will remain extinct at all later times. With Stratonovich discretization
it is instead possible for the fluctuations to bring a species back from extinction. In the following it will be useful
to transform the equation in Stratonovich discretization, which is always possible by adding some extra term.

12
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We will show in Chapter 3 that, contrarily to environmental noise, demographic noise can
lead a species to extinction even in the absence of an extinction threshold, as shown in Figure
2.2. The average persistence time (the time after which a species goes extinct), or, equivalently,
the extinction rate, is of direct ecological relevance, since it is both experimentally accessible and
crucial for ecosystems management and biodiversity conservation [61,62]. Numerous studies have
addressed its calculation in the presence of both demographic and environmental stochasticity
[54-58]. When only demographic noise is considered, extinction times are unrealistically long;
conversely, environmental stochasticity alone leads to strong abundance fluctuations, but species
never go extinct. The interplay of these two types of fluctuations leads to more realistic extinction
rates.

Since in the presence of demographic noise there is a finite probability rate for the species
to go extinct, sooner or later this will happen. Since extinction is an irreversible event, the
species will then remain at zero abundance at all later times. The only possible steady state is
therefore the one in which the species is extinct. We will see in the next section that in order
to prevent irreversible extinctions and obtain a non-trivial steady state we can allow individuals
to reinvade the community from other spatial locations.

2.4 Migration and metacommunities

We have so far considered a single well mixed ecological community, in which each individual
can interact with all the others. While this could be a good approximation for microorganisms
in a test tube [63], natural ecosystems are generally characterized by multiple spatial scales:
individuals interact and reproduce locally, and can then migrate to different locations.

The simplest way to introduce migration is the island-mainland model [64]: we assume that
the ecosystem that we want to model is an island close to a mainland, from which individuals
can reinvade the community at a constant (but usually small) rate. This results in a constant
term in the growth of the abundance:

N =roN (k=N +£@1) +nt)VN + X, (2.16)

A > 0 is the immigration rate. Note that N = 0 is not a fixed point anymore: if individuals
are continuously added to the community, the population can never go extinct. This allow us
to obtain a finite-abundance steady state in the presence of demographic noise.

This island—mainland framework has been highly influential, as it provides the minimal
setting to study the assembly of ecological communities from a regional species pool [5,10-12,
43,65-67]. By balancing extinction and colonization rates, it helps explain patterns of species
richness in insular systems as a function of island size and degree of isolation. Assuming that
the extinction rate decreases with the island size, whereas the colonization rate decreases with
distance from the mainland, the theory predicts that islands that are larger and closer to the
mainland should have a higher equilibrium diversity, as it can be indeed verified experimentally
[64,68].

However, assuming a constant immigration flow is only justified if the mainland is an infinite
reservoir of individuals, undergoing no ecological dynamics. To rephrase the issue, we have
solved the problem of extinctions in our island thanks to immigration, but why shouldn’t the
species go extinct in the mainland?

To avoid relaying on the existence of a static and infinite reservoir of individuals, we can
consider a network of islands coupled by migration [1,20,69-82], as shown in Figure 2.3. Each
circle represents a local population; we will call their collection a metapopulation, or metacom-
munity if multiple species are present at each site. The presence of multiple locations provides
an “insurance” (or “storage”) effect [73—-79], because if a species goes locally extinct in one of
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Figure 2.3: Sketch of a metapopulation: circles represents local populations, lines the possible
migration paths.

the communities, immigrants from the neighboring ones can re-colonize it. If the environmental
conditions differ across sites, this can further enhance diversity: each species can find some sites
in which the conditions are favorable to its growth, and spread individuals to the rest of the
system [1,70-72,82-84]. This is known as source-sink effect, and it is often found to be maximal
at intermediate dispersal rates [70,72,81,84].

The abundance in each population, now carrying a space index u, undergoes the same eco-
logical dynamics as described by Equation 2.14. Individuals can then migrate from one site to
one of its neighbors by passive diffusion. The resulting stochastic process reads:

Ny = 19Ny (ku — Ny + £1) + 1(t)VNu + Y Dup(Ny — Ny). (2.17)

vEU

Dy, is the migration rate between site v and one of its neighbors u, the graph of sites and mi-
gration paths defines the spatial network. It could make sense to consider asymmetric migration
rates, for example when currents or seasonal migrations are important, but in the following we
will assume D,,, = D,,. In general the carrying capacity could also depend on the site, we have
therefore labeled it k,. While the system is well defined for any spatial network, we will mostly
consider systems that are invariant under translation, as it is the case for regular lattices or fully
connected networks.

In a fully connected network, each site is connected to all the others. We will consider
uniform migration rates. To ensure that the total contribution from migration remains finite in
the limit where the number of sites L goes to infinity, it is convenient to rescale the migration
rate with L:

L
Nu = roNy (= Ny + 1) + (Y Ny + 2 3 (N, = N, (2.18)
v=1

The discrete metapopulation framework is relevant whenever the species can only survive in
specific locations: the typical example is a network of islands, but the discrete sites could also
be water sources, or hosts for their microbiome [85]. A metacommunity structure has also been
recently proposed to model metastatic growth in tumors [86]. In other cases, it could be more
relevant to consider a continuous spatial structure. This can be done by promoting N to be a
function of space, and replacing the migration term with a diffusion one [87,88]:

N(x,t) = roN(z,t) (k — N(x,t) + &(x, 1)) + n(x, t)\/N(x,t) + DV2N(2,1). (2.19)

This continuous limit can be obtained from a discrete lattice by appropriately rescaling the
lattice spacing and migration rates [89]. In the following, we will mostly focus on discrete
spatial structures.
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We will see that in the limit of an infinite number of sites the introduction of a spatial
structure indeed allow us to prevent extinctions if the migration rate is sufficiently strong.
Lowering the migration rate, the system undergoes a phase transition to extinction that falls in
the Directed Percolation (DP) universality class, which we present in the next section.

2.4.1 Directed Percolation
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(a) Directed percolation (b) Time reversed process
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Figure 2.4: (a) Directed percolation on an array of 7 sites. Each row represents a different
time step, green arrows indicate birth, gray arrows death, and orange arrows survival. (b)
Time reversed process. Red arrows indicate impossible events.

Directed Percolation is a paradigmatic model studied in out-of-equilibrium physics and sta-
tistical field theory [89-91], which was originally introduced to describe spreading phenomena,
from forest fires to epidemics. It models particles that hop on a network and are subjected to
reproduction and death. A graphical illustration of the process can be found in Figure 2.4a for
a one-dimensional network of 7 sites. In our case, the sites of the network represent the spatial
location on which (and from which) the species can migrate; the particles indicate which sites
are colonized by the species, or “active”. With some given probability rate, the particles can
produce an offspring in a neighboring site or die. In our case, this corresponds to colonization or
extinction. Depending on the competition between death and birth rates, the activity can spread
to the entire system and lead to a finite density of particles (active, self-sustaining state) or die
out (absorbing, inactive state). Between these two phases, there is a continuous phase transition,
characterized by universal critical behavior [89,91]. The phase diagram for Directed Percola-
tion in the mean-field approximation (Figure 4.2) will be derived in Section 4.2.1. A direct
link between DP and our metapopulation model can be obtained by coarse-graining [89,91-93].
Upon coarse-graining, the discrete DP occupation variable becomes a continuous quantity that
represents the mean occupation, the competition between birth and death rates gives rise to
a logistic growth, hopping is replaced by diffusion and the stochastic fluctuations generate the
demographic noise.

Note that the active phase can only persist indefinitely in an infinite system: if the number
of sites is finite, sooner or later an unfortunate fluctuation will lead to a global extinction.
Nevertheless the probability of this event is exponentially small in the number of sites, which
means that in a sufficiently large system this would only happen on extremely long timescales.

Directed percolation is a non-equilibrium system because of the microscopic irreversibility
of deaths: if a particle without any neighbors self-annihilates, the time-reversed event is simply
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impossible. Such events are indicated by red arrows in the time-reversed process in Figure
2.4b. For this reason DP cannot be studied with the standard equilibrium tools, but requires a
dynamical treatment. The sole exception is the case of an infinite fully-connected network, in
which every particle always has a neighbor (except for in the absorbing state).

2.5 'Two species: Lotka-Volterra interactions

Going back to the model without fluctuations nor spatial structure, we will now consider two
species, indexed by ¢ = 1,2. Assuming that the presence of one species linearly modifies the
growth rate of the other leads to the Lotka-Volterra model:

Ny = 71Ny (k1 — N1 — ajaNy)

. (2.20)
Ny = rgNy (kg — Na — a1 Np)

12 and ao1 are the interaction coefficients. Note that, because of the sign convention used, a
positive a;; means that the presence of species j decreases the growth rate of species i, whereas
if ov;; is positive the presence of species j increases the growth rate of species 7. We have three
paradigmatic cases:

o If o and «j; are both positive, we will call the interactions competitive. One example is
plants that compete for sunlight.

e If a;; and aj; are both negative, we will call the relationship mutualistic. This is the case
for plants and pollinators.

« If the two interaction coefficients have different signs, we will call the relationship parasitic.
For example, if j is a predator and 7 its prey, we would find «;; > 0 and o; <O .

It is also possible that only one of the interaction coefficients is non-zero: we will then refer to
commensalism if a;; > 0 (e.g. j consumes waste products of ), and to amensalism if o;; > 0
(e.g. i produces a toxin that kills 7). If both interactions coefficients are zero, the two species
have a neutral relationship. The different cases are summarized in Table 2.1.

Oéij>0 Oéij:() Oéij<0
aj; >0 Competition Amensalism Parasitism
aj; =0 Amensalism Neutralism Commensalism
aj; <0 Parasitism Commensalism Mutualism

Table 2.1: Summary of the possible ecological relationship according to the signs of the inter-
action coefficients.

Thanks to the extreme simplicity of their assumptions, the Lotka-Volterra equations have
found numerous applications in a variety of domains, from economics to immunology, and from
genetics to evolutionary game theory [94-97].

A simpler version of the Lotka-Volterra model was independently proposed by Alfred Lotka in
1920 [98] and Vito Volterra in 1926 [99] for a predator-prey system. They assumed exponential
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Figure 2.5: Evolution of the abundances of a predator and a prey species (Eq. (2.21)).

growth of the prey (species 1) in the absence of the predator, and exponential death of the
predator (species 2) in the absence of the prey. Their simplified model reads:

N1 = bN; — 19Ny Ny

. (2.21)
Ny = —dNy — a1 N1 N2

b and d are positive constants, ajo > 0 and a1 < 0 consistently with the previous notation. In
this model the abundances of the two species exhibit periodic out-of-phase oscillations (Figure
2.5): a depletion of the predators leads to a growth of the prey, which in turn stimulates the
growth of the predators. Ultimately the predators become so abundant that they overconsume
the prey, generating a decrease in their abundance. With fewer prey, the predators also decrease
in abundance, restarting the cycle. The amplitude of the oscillations depends on the initial
conditions.

The periodicity of the oscillations is a non-trivial consequence of the fact that these equations
admit a conserved quantity [99], and it is not robust to small perturbations of the model, for
example to the reintroduction of a logistic limitation to the growth of prey. However, the
oscillatory behavior is a generic consequence of the non-reciprocity of the interactions, i.e. of
the fact that predators and prey have opposite effects on each other. This will be discussed in
detail in Chapter 5.

Going back to the full Equation (2.20), depending on the interactions coefficients, growth
rates and carrying capacities, several outcomes are possible. Let us for simplicity consider two
species with identical growth rates and carrying capacities, r1 = r9 = r, k1 = ko = k. Without
loss of generality we can set 7 = 1 and k = 1 by redefining the units of time and abundances.
Figure 2.6 summarizes the possible outcomes as a function of the two interactions coefficients:

o Coexistence: if the interactions are not too strong (see below), the two species reach a

fixed point in which they both have a finite abundance, N7 = 1_10_[1%, Ny = 1_10_[1%

o Qutcompetition: if either of the interaction coefficients is larger than 1, the two species
cannot coexist. If a;;; > 1 and a; < 1, j drives 4 to extinction and then reaches the fixed
point N; = 1.

o Alternative fized points: if both interaction coefficients are larger than 1, the species that
starts at higher abundance drives the other to extinction and then reaches a fixed point.
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coexistence

Figure 2.6: Phase diagram of a 2 species Lotka-Volterra system (Equation (2.20)) with r; =
ro =1,k =ko=1.

o Unbounded growth: if the two species have strong mutualistic interactions (ajoao; > 1,
ajg < 0, ag; < 0), they can overcome the quadratic limitation of growth, leading to
exponentially diverging abundances. This is a pathology of the model, which can be fixed
by including a stronger growth saturation, for example via the #-logistic model (Eq. 2.8).

2.6 Many species and random interactions

Most natural ecosystems are composed by a very large number of species. We can easily gener-
alize the Lotka-Volterra equations to include a generic number of species S:

Ni =r;N; | ki — N; — Z aiij : (222)
J

We have arranged all interaction coefficients in the S x S matrix ay;.

In principle, given the interaction coeflicients, the growth rates and the carrying capacities
of each species we can solve these deterministic equations, similarly to what we have done in
the previous section in the case of two species. We nevertheless immediately encounter several
problems.

First of all, we do not know all the relevant parameters. Measuring ecological interactions
is extremely challenging [100], and, since the number of parameters scales as the square of the
number of species, already for S ~ 10 this is an unfeasible task. Even if we did know all the
interaction coeflicients, as soon as the number of species is above 2 or 3, it is extremely hard to
obtain analytical results: see already the complexity of the 2-species phase diagram in Figure
2.6. We could of course run numerical simulations of the dynamics, but it is not easy to make
sense of such a high dimensional parameter space, and even scanning it via numerical simulations
could soon become unfeasible. Not to mention the fact that the Lotka-Volterra equations are
just a phenomenological description of the dynamics, and small modifications can lead to very
different quantitative results.

The statistical physics approach consists in renouncing to make accurate predictions on the
quantitative behavior of each of the species, and trying to predict some collective properties of the
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2.6. Many species and random interactions

ecosystem, based on a few macroscopic parameters. This is possible thanks to universality, which
is the observation that in many-body systems the large-scale properties are often independent
of the details of the dynamics.

A popular approach to study systems in which heterogeneity plays an important role, is to
sample randomly the unknown parameters. This idea was pioneered by Wigner, who proposed
to predict the statistics of the energy levels of heavy nuclei by considering statistical ensembles
of Hamiltonians [101-104]. The approach has been so successful that the study of disordered
systems has become a field on its own. Further strong motivation came from the analysis of
spin glasses (see Chapter 5), and the analytical tools developed in that setting have since been
applied in an incredible variety of problems, from amorphous solids to neural networks, and
from constraints satisfaction problems to, as in this thesis, theoretical ecology [7,105].

2.6.1 May’s bound
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(a) Random matrix A;; (b) Spectrum of A;; for various values of S

Figure 2.7: (a) A random matrix of the form considered by May (A4;; ~ N(0,5) if i # j,
Aj; = —1) with S = 50, & = 0.1. (b) Spectrum of A for & = 0.1 and various values of S. The
circles represent the corresponding analytical predictions for the edges of the spectrum.

A first question we can ask in this setting is: Will a Large Complex System be Stable? [106] In
order to answer this question, Robert May studied the stability of a fixed point of an unspecified
non-linear ecological dynamics. Around this equilibrium point, the dynamics can be linearized,
obtaining;:

SN; =" Aij0N;, (2.23)
J

where A;; is the Jacobian of the system at the fixed point and JN; is the distance of the
abundance of species i from its equilibrium value. He assumed that each species would return
to the equilibrium point in the absence of interactions, and thus set all the diagonal elements to
—1. All other elements were sampled randomly from a distribution with mean 0 and variance
52 (see Figure 2.7a).
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The equilibrium point is stable if all eigenvalues of the matrix A have a negative real part?,
implying that a perturbation from the equilibrium point would be exponentially damped. In the
large S limit, the spectrum of A is given by the circular law [106,107]: in the complex plane, the
eigenvalues are uniformly distributed inside a circle centered in —1 and of radius 6v/S (Figure
2.7b). The fixed point will thus be stable if and only if &vS < 1. The model can be easily
generalized to allow each of the species to interact with only a fraction C' of the others, by
setting each off-diagonal element to zero with probability 1 — C. The spectrum of A would then
still be given by the circular law, with a modified radius 5v/SC. The corresponding result that
the fixed point will be stable if v/ SC < 1 is known as May’s bound.

This indicates that more complexity —i.e. a larger number of species, a stronger heterogeneity
and connectance — should lead to less stability, contradicting the previous expectation that
complex ecosystems would be more resilient to external perturbations [108,109]. May’s bound
also seems unreconcilable with the incredible diversity that is observed in natural ecosystems,
and with the observation that ecosystems with few species, such as those in the Arctic, exhibit
much stronger fluctuations than species-rich ones, like those in the tropics.

Over the more than fifty years of debate that followed, two main types of critiques have been
moved to May’s result. The first is that in a real ecosystems, interactions are not random and
independent, since they are the result of both evolutionary processes and community assembly.
Several works have been devoted to incorporating relevant features into the matrix structure,
considering for example different interaction types, trophic levels, or spatial structure [82,110—
114]. The second line of criticism is that, by leaving the dynamics entirely unspecified, May’s
argument provides no insight into what happens to the ecosystem after it departs from the
unstable fixed point. The ecosystem could reach another (possibly stable) fixed point, or enter
a stationary chaotic state, as it has been experimentally observed both in synthetic and natural
ecosystems. To address this issue, we need to go back to the full dynamics of our Lotka-Volterra
model.

2.6.2 GLV phase diagram

In the following we will go beyond May’s approach by studying the Generalized Lotka-Volterra
(GLV) model with random interactions in the limit of a large number of species S. We will not
consider related models that can be studied with similar approaches [115], such as the random
replicators model [116-119] or MacArthur’s consumer-resource model [38,120].

In our GLV model, we will also include demographic fluctuations and a (small) immigration
from an external reservoir, so that the complete dynamics we will consider reads:

Ni=1iNi | ki = Ni =Y aigNj | +miv/Ni+ A (2.24)
J

Demographic fluctuations can be eliminated by setting the effective temperature T that charac-
terizes their amplitude ((n;(¢)n;(t")) = 270;;0(t —t')) to zero.

We need to specify the distribution of the parameters of each species. For simplicity, we will
consider constant growth rates r; = r = 1 and carrying capacities k; = k = 1. The results can
be easily generalized to the case of Gaussian distributed carrying capacities.

We will assume that the moments of the distribution of the interactions coefficients scale
with the inverse of the number of species S. Since we will consider a fully connected network of
interaction, each species will interact with .S — 1 other species. If the abundances are of order 1,
in order to have a finite interaction term in the S — oo limit we need the mean and the variance

4Unless the matrix is at an exceptional point (see Chapter 5), which we do not expect to occur in a large
random matrix without fine-tuning
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of a;j to scale as 1/5. This ensures that the effect of the intra-specific interactions (the logistic
limitation of growth) and inter-specific ones (i.e. interactions with other species) are of the
same order, so that both contribute to the dynamics. There are several ways to interpret this
scaling of the interactions. The first is through the niche paradigm [121]: individuals of the same
species have the same preferences and eating habits, and therefore compete more strongly than
individuals of different species. This nevertheless does not justify why the interaction strength
should decrease by adding more species in the system. A more agnostic approach consists in
saying that whatever the distribution of the interactions, the combination of parameters that
will be predictive of the behavior of the ecosystem when many species are present is, as we
already saw in the previous section, the variance multiplied by the number of species. It then
makes sense to define a parameter 02 = 525, and to study the system in the limit S — oo at
fixed 0. Applying the same reasoning also to the mean of the interactions, we obtain precisely
the above mentioned scaling. Following this approach, it might be relevant to analyze what
happens when the rescaled moments of the interactions diverge. This is the subject of a work
that I completed before the beginning of this thesis [5], and that will not be discussed in detail
here. Note that a different way to obtain a finite interaction term is to assume that each species
interacts with only a finite number of others [122-126].

The interactions coefficients «;; will thus be sampled from a distribution with mean /S
and variance 02/S. For some of the results (the ones obtained by the replica method) we need
to assume the distribution to be Gaussian, but most of them hold for a generic distribution
with finite mean and variance. Different interaction coefficients are independent, except if they
involve the same two species: «;; and «j; will have a correlation coefficient of vo?/8S. For v =1,
the interaction matrix will be symmetric, a;; = «a;;, whereas v < 0 leads to an anticorrelation
between the two interactions coefficients, which is characteristic of predator-prey systems.

In recent years, numerous generalizations of this model have been proposed, including ex-
tensions to non-fully connected interaction networks [122-129], the introduction of some ad-
ditional structure in the interaction matrix [130, 131], a time-dependence of the interaction
coefficients [132], and alternative growth laws [133,134]. Here, we will restrict our discussion to
a fully connected network of quenched, unstructured interactions, and Lotka-Volterra dynamics.

The phase diagram of this model, detailed below, can be obtained with several different
methods borrowed from the disordered systems literature. The replica method [5,11,12,105]
allow us to obtain precious insights into the behavior of the system in the high heterogeneity
regime, but is limited to symmetric interactions. The alternative approach is to use Dynamical
Mean Field Theory [10,131,135-137], whose derivation will be described in Chapter 3.

Depending on the mean, variance and covariance of the interactions, the ecosystem exhibits
four different dynamical regimes (see Figure 2.8). Representative time evolutions of the abun-
dances in the four regimes are plotted in Figure 2.9.

The single equilibrium phase

When the heterogeneity of the interactions is small and their mean is not too negative, the
ecosystem has a unique fixed point, which is reached no matter the initial conditions (Figure
2.9a) and is stable against perturbations. Relaxation to this fixed point is exponential in time.

At the fixed point a finite fraction of the species goes extinct. Taking this into account,
May’s bound is always satisfied in this phase, and we can show that it is saturated when the
phase loses stability (to the multiple attractors phase). This instability line will be derived in
Section 3.4.1.
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1

Figure 2.8: Phase diagram of the random Lotka-Volterra system without demographic noise,
as a function of the mean and variance of the interactions, for different values of the correla-
tion between opposite off-diagonal elements, reproduced from [10]. In the bottom right area
the system is in the single equilibrium phase, crossing the horizontal line we enter the multiple
attractors phase, beyond the curved line we have unbounded growth.

The unbounded growth phase

When interactions are strongly mutualistic (i.e. the mean interaction is below a certain thresh-
old) or very heterogeneous, a subset of species can succeed in overcoming the quadratic saturation
and grow unboundedly (Figure 2.9d), just as we saw in the case of two species. Again this is a
pathology of the model, which can be cured by introducing a stronger saturation of growth.

The multiple attractors phase

Between the single equilibrium phase and the unbounded growth one, the dynamics of the system
strongly depends on the initial conditions. The behavior is quite different for symmetric (y = 1)
and non-symmetric interaction matrices.

If v = 1, the dynamics of the system can be described as a descent in a rugged landscape
that has an exponential number (in S) of fixed points [12]. If we consider a finite number of
species, at long times the system will approach one of these fixed points. Which fixed point will
be selected depends on the initial conditions: restarting the dynamics from different values of the
abundances we generally reach a different equilibrium point (Figure 2.9b). When the number
of species is very large, the system will not manage to approach any of the fixed points, but its
dynamics will dramatically slow down as time goes on. This phenomenon, called aging [138-140],
is characteristic of conservative disordered systems, and it will be analyzed in detail in Chapter
5. In the presence of demographic noise, there are actually two distinct multiple equilibria
phases: one, at moderate temperature, in which equilibria are locally stable (corresponding to
a one-step replica symmetry broken phase [105]) [12], and one, at low temperature, in which all
equilibria are posed at the edge of stability and are organized in a fractal hierarchical structure
(corresponding to a full replica symmetry broken phase [105]) [11].

For ~ # 1, the landscape descent is replaced by a chaotic dynamics, which was recently
studied in detail in references [141-143].

In the presence of a finite immigration rate, the system reaches a dynamical steady state, in
which the abundance of all species fluctuate over several orders of magnitude, going from O(\)
to O(1) (Figure 2.10a). Each species has long periods of time in which its total growth rate is
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Figure 2.9: Time evolution of the abundances in the 4 dynamical regimes, without demo-
graphic noise. 5 randomly selected species are highlighted in different colors. For each case,
two runs of the simulation with the same interaction matrix but different random initial con-

ditions are shown. Parameters:

(a) S =200, u=4,0=0.6v=05 \A=10"%
b) $ =200, p=10,0 =1.1,y =1, A =10"%
c) S =200, u=10,0=2.5v=0.1,A=10"%
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(
(d) S =200, p=10,0 =3, v=0.5, A = 10"%
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Figure 2.10: Time evolution of the abundances in the chaotic phase without demographic
noise in log-scale. (a) With a finite immigration (indicated by gray dashed line), (b) with no
immigration, (c) with a finite extinction threshold (indicated by black dotted line). 5 ran-
domly selected species are highlighted in different colors. Parameters: S = 200, p = 10,
=25 v=0,T=0.

negative and it is kept at IV; « A by the immigration. Occasionally, a reshuffling of the most
abundant species renders conditions favorable, and the species starts to grow exponentially, until
it reaches IV; ~ 1 and starts to experience self-limitation. This behavior resembles the bloom
dynamics observed in planktonic communities [26, 144-146]. For very small A\, growing from
N; < A to N; ~ 1 takes a time of order log A, therefore the reshuffling of the dominant species
and the dynamics of the system is controlled by this (long) timescale.

Without immigration, the abundance of species continues to decay exponentially for as long
as their growth rate is negative. If a reshuffling in the dominant community renders their
growth rate positive, it takes them a very long time (of the order of the time expired since the
preparation of the system) to grow back to abundances of order 1 (Figure 2.10b). The dynamics
becomes therefore slower and slower in time, a phenomenon that has also been called aging,
despite having a quite different origin from the one found in conservative disordered systems.

Clearly, abundances of the order of 1072 cannot meaningfully represent our population,
since in any realistic situation this would correspond to less than one individual. In order to
take this into account, we should introduce an extinction threshold N., and declare extinct any
species whose abundance becomes smaller than the threshold. In this case, fluctuations lead
many of the species to extinction. This reduces the complexity of the ecosystem, effectively
reducing the heterogeneity o, until the fixed point solution becomes stable and abundances stop

fluctuating (Figure 2.10c).

Diversity — =) Chaos

\ Extinctions /

Figure 2.11: Scheme summarizing the relations of diversity, chaos, and extinctions: in the con-
sidered model, chaos is only realized in diverse enough communities, and in turn it allows the
coexistence of more species than it would be possible at equilibrium. At the same time, chaos
generates extinctions that reduce the diversity of the ecosystem, ultimately suppressing itself.
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Chaotic dynamics is widely observed in natural and synthetic ecosystems [147-151], and,
since it allows the ecosystem to escape May’s bound, it has been proposed as an important
ingredient in the stabilization of diversity, in particular in planktonic communities [152]. Nev-
ertheless, this appears incompatible with the above described “self-defeating” mechanism, sum-
marized in Figure 2.11: chaotic fluctuations generate extinctions, until the diversity decreases
to the point that chaotic dynamics is not sustained anymore.

This puzzle could be solved by taking into account the spatial extension of ecosystems [153—
156]. In a meta-community, local populations could exhibit desynchronized fluctuations, which,
as in the case of demographic fluctuations, would lead to local and not global extinctions,
maintaining the diversity of the ecosystem.

2.7 Ecosystems as a physical system

Throughout this chapter, I have highlighted the many contributions that Statistical Physics can
bring to Theoretical Ecology. There is nevertheless another side of the medal: Ecology can be
a source of inspiration for physicists to explore dynamics that are forbidden to more traditional
physical systems. To conclude this introduction, I would like to briefly summarize which peculiar
features of ecological systems make them interesting from the physical point of view.

Many individuals

The fact that populations are often composed of many individuals allows us to approximate the
abundance with a continuous variable, and to write differential equations for its evolution. It
also enables a statistical description of the many biological details that we do not wish to model.

Multiplicative processes

One of the essential features of living organism is reproduction. Since all individuals undergo
reproduction and death events simultaneously, most ecological processes are multiplicative, and
the dynamics is often dominated by exponential growths and decays. An important consequence
is that a small difference in the growth rate can be much more important than the initial
conditions, and advantageous mutations can easily spread to an entire population. It is also the
origin of the unique “aging of chaos” phenomenon described in the previous section.

Extinctions

Another effect of the multiplicativity of growth is that a population always has an absorbing
state: extinction. This leads to interesting connections to directed percolation, and has impor-
tant consequences on the nature and stability of the chaotic dynamics.

Different kinds of stochasticity

Populations are subjected to different kinds of multiplicative stochasticity: environmental and
demographic, white and colored. Each of them has different effects on the dynamics, for example
causing or not extinctions, leading to a rich phenomenology.

Large number of species and heterogeneous interactions

Having many coupled degrees of freedom opens the way to collective phenomena and phase
transitions. The heterogeneity in the interaction network leads to the fascinating emergent

25



Chapter 2: Community Ecology and Disordered Systems

behavior that I described in the previous section. Interestingly, this diversity is not just a given
like in other many-body systems, but also a puzzle in itself: why are there so many species?

Non-reciprocal interactions

Predation is a very natural example of non-reciprocal interactions: the presence of the prey
enhances the growth of the predator, whereas the predator suppresses the growth of the prey.
As we will see in Chapter 5, non reciprocal interactions, that are forbidden in traditional physical
systems by Newton’s action-reaction principle, lead to a variety of fascinating non-equilibrium
phenomena, from chaotic dynamics to oscillatory states.

Interaction network replicated across space

In a spatially extended ecosystem, each local community is controlled by the same (complex)
interaction matrix. From the disordered systems perspective, we can see an ecological meta-
community as a collection of coupled identical spin-glasses, each with the same microscopic
realization of the disorder. In the multiple attractor phase (both in the landscape descent
and in the chaotic case), this leads to very interesting questions on the synchronization of the
dynamics of different communities.
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Chapter 3

Dynamical Mean Field Theory and
effective neutral models

In this chapter, I will present Dynamical Mean Field Theory (DMFT) [157-159], one of the
main analytical tools throughout this thesis. As we will see, it allows us to replace a many-body
system with an effective description of a single degree of freedom coupled to an additional noise
source. In some cases this enables an analytical closure of the problem; we will in particular
show how to obtain the transition from the single equilibrium to the multiple attractors phase
in the absence of demographic noise. We will then study the stationary probability distributions
that various forms of stochasticity give rise to, and discuss an approximate solution scheme for
the DMFT equations.

The first part of the chapter is a review of the literature, whereas Sections 3.5 and 3.6 also
contain original and ongoing work in collaboration with Jules Fraboul.

3.1 Dynamical Mean Field Theory

Dynamical Mean Field Theory (DMFT) is a powerful technique that allows one to study the
complex dynamics of systems with many interacting degrees of freedom. Even though it was first
developed to study mean-field spin-glasses [13,157,160-163], it has since been employed in sev-
eral different contexts from quantum many-body systems to the ecological dynamics considered
here [66, 164].

DMFT can be applied to systems in which each degree of freedom is coupled weakly to many
others. When these two hypothesis are satisfied, correlations in the system remain small, and
we can look for an effective dynamics for a single degree of freedom, considering everything else
as a source of noise.

The procedure is analogous to the one used to derive Langevin’s equation from Newtonian
dynamics [165, 166], schematized in Figure 3.1. Imagine we want to describe the dynamics of
a large particle immersed in a bath of smaller particles (Fig. 3.la). Indicating with X the
position of the large one, and with z; the position of each of the small particles, we can write
down Newton’s equations of motion:

MX =" Fu(X, 25) + Fear(X) (3.1)

m; = int($iaX) + ZFint(xhxj) + Fe:pt(l'i) . (32)
J

We have indicated with Fj,; all the interaction forces, and with F,,; the external ones. Deriving
the trajectory of every single particle from these equations of motion is not feasible when many
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(a) Large particle surrounded by small ones. (b) Large particle in a heat bath.

Figure 3.1: Integrating out the dynamics of the small particles, we can go from a many-body
system to the description of a unique degree of freedom coupled to a colored heat bath.

particles are involved. If we are only interested in the large particle, we can try to give a statistical
description of the force that all the small ones apply on it, and study the dynamics of the large
particle under an effective non-interacting but stochastic model. This strategy is successful if
the small particles are very numerous, their dynamics are not too strongly correlated, and they
all apply small forces. In this case, we can apply the central limit theorem to claim that the
sum of the forces they apply on the large particle will be Gaussian distributed.

Two further effects should be taken into account. First of all, the dynamics of the small
particles takes place on some finite timescale. This implies that the forces they apply will be
correlated at short times. If we want to replace them with a noise term, this noise should be
colored, meaning it should have a finite correlation time. Furthermore, the force between the big
and the small particles depends also on the dynamics of the big one: if we try to suddenly move it
in one direction, it would collide with many small ones, experiencing an effective friction. Because
the small particles respond on a finite timescale, this effective friction is not instantaneous, but
has some memory. The resulting equation for the dynamics of the large particle will therefore
be of the form:

MX(t) = — /0 t R(t, )X (t') + E(t) + Fout(X) . (3.3)

= is a Gaussian noise with mean 0 and correlation (Z(¢t)Z(¢')) = C(¢,¢'). The functions R
and C depend on the dynamics of the small particles. At equilibrium, they are linked by the
Fluctuation-Dissipation Theorem (FDT) [166]:

1dC({t+1,t)

Rt+mt)=—F7— 4

(3.4)
for 7 > 0. T is the temperature of the system, related to the amount of energy that is stored in
the small particles.

Note that we have obtained a stochastic model from a deterministic one. The randomness
of the noise signals our ignorance of the exact initial conditions of the degrees of freedom that
we have integrated out: averaging over such initial conditions corresponds to an average over
the noise.

The idea of DMFT is very similar: we want to replace the interactions between degrees of
freedom with a noise and a memory term. The main difference is that in this case the degree
of freedom we are interested in is equivalent to the ones we want to integrate out. This means
that the noise and memory term must be computed self-consistently.
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3.2 DMFT derivation

We here present a (non-rigorous) derivation of DMFT by the cavity method [66, 105] in a
slightly generalized framework, that will be relevant both for the Lotka-Volterra system and for
the spherical spin models that we will study in Chapter 6. We will consider S degrees of freedom
x; whose evolution is described by the stochastic differential equation:

S

i = fxi) + g(xi) | D g+ G | + Uz - (3.5)
j=1

f, g and [ are generic and possibly non-linear functions, 7; is a noise that acts independently on
each degree of freedom, of which we do not need to specify the distribution. (; is an external
field that we introduce to compute response functions, and that will be taken to zero at the
end of the computation. The initial conditions are sampled independently from a distribution
PO (.%Z)

Note that the system contains three sources of randomness: the static interaction coefficients
a;j (which represent the quenched disorder), the dynamical noises 7;, and the initial conditions.
E[-] indicates an average over all sources of randomness.

The interactions «;; are sampled from a distribution with mean, variance and covariance
between opposite off-diagonal elements given by:

Elaij] = % (3.6)
o
Var[aij] = g (37)
o2
COV[Ozij, Oéji] = % (3'8)

If we fix the interaction matrix and the realization of the noise at all times 7;(t), Eq. (3.5)
deterministically defines the trajectories of the S degrees of freedom, indexed from 1 to .S. We
will call these trajectories x0(t), or “unperturbed trajectories”. Let us now imagine adding a new
degree of freedom, with index 0, and drawing its initial conditions and interactions independently
from the rest of the system. Since the interactions with each of the other components are of
order 1/ VS, its introduction can be considered a small perturbation, and we can compute the
linear response of each of the trajectories to it, denoted by dx;(t):

S et
5.’El(t) == jzzl/o dt,Rij (t,t,)a]’0$0(t,) 5 (39)

where R;;(t,t') = gg i((tt,)) is the response of x; at time ¢ to a perturbation applied on z; at time

t'. The dynamics of g will depend on the perturbed trajectories of all other degrees of freedom:

S
Ty = f(ﬂ?o) + g(mo) (Z Oéoj(l‘g-) + 6.’EJ) + Co) + l(l’o)’f}o . (310)

J=1

Note that since the trajectories (deterministically) depend on the random interactions, the
initial conditions and the realization of the noise 7;(t), they can also be considered random
variables. In the limit S — oo the interaction term Zle ap (:139 + dz;) will be the sum of many
weakly correlated stochastic quantities. Its statistics will converge to a Gaussian, whose mean
and variance can be evaluated by the central limit theorem. Since the unperturbed trajectories
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are by definition uncorrelated from zo, we can define =(t) = 3_; aojx?(t) and consider it an
additional independent noise term in the dynamics of zg. Since we expect it to be Gaussian, we
only need to compute its first two moments. Using the fact that the unperturbed trajectories
are independent from the interactions with x(y, we obtain:

E[Z(t)] = % S E [9(1)] (3.11)
J

Cov [2(t), 2(¢)] & Y Cov [agjany ] E [ (t)af ()] = 25 JE[2®20(1)] - (312)
33"

We have neglected terms of higher order in 1/S. The fact that off—dlagonal terms (with j # j')
will not matter in the limit S — oo is not trivial, despite their being of higher order, since they
are much more numerous than the diagonal ones. This can nevertheless be shown to hold in

perturbation theory in the interaction strength [66, 105].
Since all degrees of freedom are equivalent after averaging over the disorder, the averages in
Eq. (3.11) and (3.12) do not depend on j. We can then define h(t) = E {:Uo(t)} and C(t,t") =

j
E [:c?(t)a:g(t’)], so that:

E[E@®)] = ph(t) , (3.13)
Cov [E(t),E(t)] = *C(t, 1) . (3.14)

We will call C(t,t’) the averaged autocorrelation function of the system.
Unlike the unperturbed trajectories, the perturbations are correlated with the interactions
with xg. We can use their explicit expression from Eq. (3.9):

t 0.2 t
Z O[()Z'(S:CZ' = Z Qg Z a0 A dt,Rij (t, t,)SUO (t,) ~ % /0 dt, Z Rjj (t, t/)IEO (t/) . (315)
( ( J J

We have again neglected higher order terms, which do not contribute in the S — oo limit. We
define the averaged response function R(¢,t") = E [R;;(t,t")], which also does not depend on j.
Substituting the results in the dynamics for xy we obtain:

i = f(20) + 9(x0) (: a0 [ Cdt Rt () + <o) + zo)mo - (3.16)

As in the case described in the previous section, we have managed to decouple the dynamics of
xg from the rest of the system, by replacing the interactions with additional noise and memory
terms. Indeed the structure of the equation is very similar to Equation (3.3).

It is now crucial to note that the added degree of freedom xg is statistically identical to all
others, and that when S is large the systems composed of S or S + 1 degrees of freedom are
equivalent. Therefore the response and correlation functions that define the effective dynamics
of xg can be computed as averages over the effective dynamics:

h(t) = Elzo(t)] , (3.17)
C(t,t') = E[zo(t)zo(t)] (3.18)
R(t,t) = w (3.19)

The resulting equations do not depend on the index 0, so we will drop it in the following.
The averages are now over 77, = and the initial conditions of the effective process. Because the
effective process depends on the average response and correlation functions, h, C' and R must
be computed self-consistently: the functions measured on the effective process should match
the ones used to define the process itself. This procedure can be shown to be exact in the
thermodynamic limit S — oo [167].
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3.3. DMFT for Lotka-Volterra

3.3 DMFT for Lotka-Volterra

We can now apply these results to the generalized Lotka-Volterra equations in the presence of
demographic noise and immigration:

Ni = rolV; k_Ni_Zaiij+Ci +77i\/Ni+/\ . (320)
J
n; is a Gaussian white noise with mean zero and correlations (n;(t)n;(t")) = 2T6;;6(t — t').

As we discussed in Section 2.6.2, we will consider random interactions «;; with mean p/S,
variance 02/S, and covariance between opposite off-diagonal elements yo2/S. The external
field (; is introduced to compute response functions and will be taken to zero at the end of
the computation. Note that because it acts additively on the carrying capacity, the response
functions will measure how species react to an infinitesimal variation of their carrying capacity.
In an experimental setting, this could correspond to a change in the availability of a limiting
resource.

Applying the method described in the previous section, we obtain the DMFT equations for
this system:

t
N =roN <k ~N-E+ 027/ R(t,)N(t')dt' + c) + VN + X (3.21)
0

The statistics of the noise = and the response function R must solve the self-consistent equations:

E[E(t)] = pE[N (¢)] (3.22)
Cov[E(t),Z(t)] = oC(t, 1) = oE[N(t)N ()] (3.23)
R(t, 1) = 812% E;“L)] (3.24)

In the single equilibrium phase and in the case of chaotic dynamics in the presence of a
finite immigration, the system reaches a (possibly non-equilibrium) steady state. One-time
observables become time-independent, and two-time ones only depend on the time difference.
When this occurs, it will be convenient to break down Z in several contributions. We will first
of all separate its mean ph. What remains has mean 0, but does not decorrelate at long times,
because, since the abundances are strictly positive, C'(¢t + At,t) is finite in the limit At — oo.
We can therefore also separate a static and a dynamical component:

E(t) = ph+ oz\/q0 + 0&(t) . (3.25)

ph is a static deterministic contribution, oz,/qo a static random one that plays the role of
quenched disorder. z is a time-independent random variable with mean 0 and variance 1,
qo = lima¢ o0 C(t + At,t). Therefore () has mean 0 and decorrelates at long times:

E[E(t+ ADE®)] = Ot + A1) — g0 ———0. (3.26)

At steady state, averaging over & and 7 is equivalent to averaging over time (but not over
disorder) the behavior of a single species’. We will indicate this average with angular brackets,
(-). The average over the quenched variable z corresponds instead to an average over disorder,
or over species, which will be indicated with an overline =. The fact that averaging over degrees

In deterministic systems (i.e. at zero temperature), the noise is generated by the chaotic dynamics of the
system. Averaging over this noise corresponds to averaging over initial conditions.

31



Chapter 3: Dynamical Mean Field Theory and effective neutral models

of freedom at fixed disorder is equivalent to averaging over the disorder is a non-trivial property
of these systems called self-averaging.
With this new notation, the DMFT equation becomes:

. t
N =roN | k=N — puh —oz\/q0 — 0§ —|—02’y/ R(s)N(t —s)ds+C | +nVN + X, (3.27)

1. 2. 3.

4.
and the self-consistency conditions:
h = (N) 3.28)
C(At) = (N(t+ At)N(t)) 3.29)
N A
R(at) = 2N+ AY) (3.30)

For At > 1, the dynamical averages in Equation (3.29) decouple, so that we can express
qo = lima¢ 500 C(At) = (N)2.

We have obtained an effective model in which interaction between species are replaced by
four terms:

1. A constant reduction (or increase, if u < 0) of the effective carrying capacity of all species:
because of intraspecific competition, all species will saturate to a lower abundance. This
reduction is equal to ph, the average interaction coefficient multiplied by the average
abundance.

2. Again a constant shift of the effective carrying capacity, but different for each species.
Because of the heterogeneity in the interaction network, some species will experience a more
favorable effective environment. Indeed this random shift, with mean 0, is proportional to
the heterogeneity o.

3. A colored environmental noise (see Section 2.3.1). Its correlation function will not be
exponential as in the simple case considered in Sec. 2.3.1, but will be self-consistently
determined. We can nevertheless define a correlation time-scale 7, which should match
the timescale of the dynamics of the abundances. This observation is at the basis of
the approximate solution scheme proposed in Section 3.6. Note that this noise is also
proportional to o: without heterogeneity there is no environmental noise, even if the
single species abundances do fluctuate because of the demographic noise 7.

4. A memory term, linking the evolution at time ¢ to the abundance at time . It is due to the
feedback that each species has on itself through the interaction with other species: species
¢ influences species j through the interaction coefficient «;, and this influence feedbacks
on ¢ through ;. If o; and a;; are correlated (as expressed by v # 0), all these feedbacks
sum up to give a net contribution. This memory term will also have a timescale, which
should match the one of the correlation of the noise.

In general, solving the DMFT equations requires the determination of the correlation and
response functions as a function of time, which can only be done numerically [66].

There are two values of v for which some simplifications occur. The first is v = 0, in
which case we do not have the memory term. This simplifies both the numerical solution of
the DMFT equations, since it is not necessary to compute the response function [66], and the
analytical treatment. The second special case is v = 1, corresponding to symmetric interactions.
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3.4. Single equilibrium phase without demographic noise

As we will explain in Sec. 3.5.1, when interactions are symmetric the system undergoes a
reversible dynamics at temperature T'. Below a critical value of the heterogeneity, equilibrium is
reached and the response and correlation functions verify the Fluctuation-Dissipation Theorem
(FDT) [11,12,158]. This allows us to explicitly compute the stationary probability distribution
in terms of some self-consistently determined moments of IV, obtaining analytical closure of the
problem.

3.4 Single equilibrium phase without demographic noise

To demonstrate the effectiveness of DMFT as an analytical tool, we now apply it to analyze the
single equilibrium phase in the absence of demographic noise. Without demographic noise, the
single equilibrium phase is particularly simple because there is no dynamical fluctuation. The
abundances converge to one of the fixed points of Equation (3.27). We fix A = 0, since it does
not have a strong effect in this phase.

k — puh — 0z,/qo can be viewed as an effective carrying capacity. If it is positive, the species
will converge (starting from any finite initial condition) to the “survival” fixed point:

k — uh—az\/»—i-C

N =
1—0 ’}/Rzmg

(3.31)

where R;,; = fOOO R(s)ds is the integrated response. If k — uh — oz,/qo < 0, the species has
instead a negative effective carrying capacity and will inevitably go extinct, converging to N = 0.
By linear analysis, we can show that the survival fixed point is stable if and only if it is positive,
so that we can compactly write the stable fixed point solution as:

. k — ph —oz\/q0 —I—C}
N—=N — .32
(z) = max {O 1= o2 Rips (3.32)

The fixed point value N* explicitly depends on the disorder z, meaning that it will be different
from species to species. Since z is Gaussian, the abundances will be distributed according to
a truncated Gaussian, with a d-function in N = 0. A finite fraction of the species, those with

z > ’;?/‘%, are extinct at the fixed point. We will denote the fraction of surviving species, or

diversity, with ¢. Formally it can be computed as ¢ = (§(N)), where 6 is the Heaviside step
function. There is a good quantitative agreement between this Gaussian distribution and the
distribution obtained from numerical integration of the original many-species Lotka-Volterra
equations, without any fitting parameter (Figure 3.2).

Since the fixed point only depends on the integrated response and there are no dynamical
fluctuations, we only need to self-consistently determine three static quantities:

h=N"(2) / D2N*(» (3.33)
_ V)P —/Dz (N*(2))? (3.34)
Rint = aN i / D- aN (2) (3.35)

We have introduced a compact notation for the Gaussian integration over the disorder [ Dz =
f \/ﬁ e~**/2. Note that the integrated response is obtained perturbing the average abundance
with a constant field {, instead of an instantaneous one as for the time-dependent response.
These self-consistent equations can be solved by iteration: starting with some initial guesses
for the values of the order parameters h, ¢y and Rjy,:, we compute N*(z). Integrating it over the
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Figure 3.2: Comparison between the distribution of abundances obtained from numerical sim-
ulations of Eq. 3.20 (blue) and the truncated Gaussian predicted by DMFT (orange). The
vertical orange line represents a delta function in N = 0, with weight 1 — ¢. T = 0, A = 0,
p =10 =05 v =1,5 = 1000. Self-consistently determined parameters: h = 0.6078,
go = 0.6032, Rt = 1.2096. h and gg match the result of numerical simulations within a 10%
error margin (hnyya = 0.60, gonyuar = 0.58).

Gaussian distribution of z, we obtain an updated guess for the order parameters. We iterate this
procedure until the difference between the old and updated guesses is below an error threshold,
signaling we reached a self-consistent solution. To improve the stability of the method, we
perform at each step a “soft injection”, summing with weight ¢ and 1 — ¢ the updated and
previous guesses. It is with this procedure that the solutions for h, gy and R;,: were obtained
in Figure 3.2.

3.4.1 Stability of the fixed point solution

The transition line from the unique equilibrium phase to the multiple attractors one can be
obtained studying the stability of the fixed point solution to perturbations. We consider as a
perturbation a small white environmental noise ((t), with correlations ({(¢)((t')) = 2ed(t — '),
€ < 1. Let us first consider non extinct species. Linearizing around the non-zero fixed point of
Eq. (3.27), we obtain:

6N =roN* (—6N — o€ + 02 /t R(t —t)0N + g) , (3.36)
0

where N = N — N*. The perturbation ( leads to fluctuations of the abundances of all species,
generating an additional noise £. Its statistics is self-consistently determined by

(E@EE)) = Ct —1') = (ON(t)ON(¥)) . (3.37)

This linearization is valid for non extinct species. Extinct species have a negative effective
carrying capacity, leading to exponential decrease of their abundance. Adding a small perturba-
tion will not change this, so that they remain exponentially suppressed and do not exhibit any
fluctuations.

We can Fourier transform the linearized equation:

iwoN(w) =roN* (—5N(w) — 0€(w) + y0?R(w)ON (w) + C(w)) , (3.38)
and solve for 0N (w):

o§(w) +¢(w)

W) = TN + 107 R)

(3.39)
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3.5. Effective single species processes and SADs

At the phase transition, we expect the behavior of the system to become singular in w = 0,
we therefore focus on the small w limit. The self-consistent equation on the correlation function
becomes:

_ a{[§(0)]%) + (I<(0)*)

Clo = 0) = (PN {w = 0)P) = T p o =

oC(0) +¢
|1 —~v02R(0

)’2¢>. (3.40)

As before, ¢ is the fraction of non-extinct species, or diversity. The ¢ factor is due to the
fact that only non-extinct species fluctuate, so that when averaging over the disorder we need to
multiply the result of Eq. (3.39) (which doesn’t otherwise depend on z for w = 0) by the fraction
of surviving species. The response and correlation functions evaluated in w = 0 correspond to
their integrated value, Cipy = [*2 dtC(t), Rine = |5, dtR(t). Solving for Cj,; we obtain:

pe
(1 —~02Rint)? — 029

Cint = (3.41)

This diverges for
(1 —y0?Ript)? = 020, (3.42)

Solving this equation together with the self-consistent equations (3.33)-(3.35) determines the
critical point. We can check that at criticality the solution verifies:

k km 1 1
h=" - Rint = = — = 3.43
p qo PEEEE t=5 ¢ (3.43)

and the critical line is given by:

V2

:71—"_,7.

Oc (3.44)
This is the horizontal line in the phase diagram in Figure 2.8 [10]. Interestingly, at the critical
point May’s bound [106] is exactly saturated in the surviving community. Indeed taking v = 0,
as in May’s original work, we find

GV S* = ﬁ\/qTS =1. (3.45)

& is the unnormalized standard deviation of the interactions, and S* = S¢ the number of
surviving species.

Computing the correlation function to next order in w, it is possible to show that at the
transition it behaves as 1/w (for v # 1), signaling that we are entering a chaotic phase [66,117].

The computation can easily be generalized to a spatially extended model with local interac-
tions (as the ones described in Sec. 2.4), both with a continuous and a discrete spatial structure.
Performing an additional Fourier transform in space we would find that the most unstable mode
is the uniform (infinite wavelength) one, so that the computation carries out identically and we
obtain the same result for the critical point [168,169].

3.5 Effective single species processes and SADs

Through DMFT, we have seen that the dynamics of a complex ecosystem can be mapped
onto those of a single non-interacting species. This reveals an intriguing connection between
two contrasting ecological paradigms: on the one hand, models, such as the niche model, that
emphasize the importance of interaction networks; on the other, models, like the neutral theory,
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Chapter 3: Dynamical Mean Field Theory and effective neutral models

that attribute ecological dynamics primarily to stochastic fluctuations. In fact, within the DMFT
framework, the interactions generate a noise term: the entire ecosystem acts as a randomly
fluctuating environment for each species [66,115,170]. This helps reconcile the two viewpoints
and offers some insight into why they often yield similar predictions.

This mapping can be leveraged to derive the Species Abundance Distribution (SAD) in a
complex ecosystem by analyzing much simpler single-species dynamics. The obtained distribu-
tions can then be compared to experimental SADs, which are often fitted with power laws with
exponential cut offs [40,171], or with gamma or lognormal distributions [170,172-174].

In this section, we present the abundance distributions that emerge under several simplified
stochastic dynamics. Our main tool will be the Fokker-Planck equation, which describes the
time evolution of the probability distribution of a Markovian process. A stochastic process is
called Markovian if its evolution only depends on its current state. This condition is violated in
the presence of memory terms or of colored noise.

Let us consider a stochastic differential equation in the Ito convention [175]:

N = f(N) +g(N)(#) , (3.46)

where f and g are generic functions and £ is a white noise, with correlations (£(¢)¢(t')) =
2T6(t — t'). The probability to associated Fokker-Planck equation reads [175]:

LY  (FNIP(N, ) + T s (s(NPPN,1) (3.47)

3.5.1 Demographic noise

(a) T = 0.05 < A (b) T=02> A

Figure 3.3: Stationary probability distribution of the abundance under white demographic
noise for two values of the effective temperature, smaller (a) and larger (b) than the immigra-
tion. The histogram represents the result of numerical simulations, in orange the analytical
prediction (Eq. 3.50). A=0.15,r9 =1, k= 1.

The first case we consider is the one of a single species undergoing logistic growth and
demographic fluctuations, in the presence of immigration:

N =roN (k= N)+n(t)VN + X . (3.48)

The noise is defined according to the Ito convention.
The associated Fokker-Planck equation reads:
OP(N,t) 0 0?

rolN (k= N) + NP(N. 1)) + T (NP(N, 1) . (3.49)

ot __aW((
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3.5. Effective single species processes and SADs

To obtain the stationary probability distribution, we set the time derivative to zero. The solu-
tion, up to a normalization factor, is:

P(N) x N™'T exp (-7;) (g}: - N)) . (3.50)

The result is plotted in orange in Fig. 3.3, and perfectly agrees with numerical results. For
large N, the distribution is controlled by the exponential, and resembles a Gaussian, whereas at
low abundances it is controlled by the power law. If A\ < T the distribution diverges in N = 0
(Figure 3.3b), and for A — 0 it becomes non integrable. This signals the fact that the only
stationary solution in the presence of demographic noise and without immigration is a delta
function in NV = 0: the species goes extinct, and this is an absorbing state.

The stationary probability distribution can be written in the form of a Boltzmann weight
P o e Hers/T | with the effective Hamiltonian:

N2
Heff:’l“o <%—N> +(T—)\)10gN. (3.51)

This is not a coincidence: the dynamics at stationarity is indeed a thermal equilibrium one [11,
12]. In order to prove this, we need to show that the system is symmetric under time reversal. In
Appendix A.1 we prove it for a more general dynamics that also includes a colored environmental
noise and a memory term:

N =roN (k ~N-¢+ /Ot R(s)N(t — s)ds) + (VN + X, (3.52)

with (£(¢)¢(t")) = C(t —t'). If v = 1, the DMFT equation (3.21) can be cast in this form by
absorbing a ¢ factor in R and C. In order for the system to be at equilibrium, the correlations
of the noise and the response function in the memory term must satisfy a fluctuation-dissipation
relation:

1dC(7)
T dr

The strategy, following reference [175], is to construct the Martin-Siggia-Rose-De Dominicis-
Janssen (MSRDJ) action [176-178] that describes the probability of observing any given trajec-
tory, and to show that if we take Eq. (3.50) as initial and final condition, the action is reversible
under time reversal.

R(r) =

(3.53)

If the abundance undergoes an equilibrium dynamics, its correlation and response functions
will also satisfy a fluctuation-dissipation relation. This means that if v = 1, i.e. for symmetric
interactions, equilibrium dynamics can be a self-consistent solution of the DMFT equation (3.21).
In practice this will happen only if the system actually manages to relax to a steady state, which
will be the case in the single equilibrium phase.

We can similarly prove equilibrium-like dynamics also for a many-species system with sym-
metric interactions and demographic fluctuations described by Eq. (3.20). In that case, the
effective Hamiltonian reads

2
Heff = ZT‘Q <]2V;€ - Nz> + %ZaijNiNj + Z(T — )\) log Ni . (3.54)
% %,] %
This mapping is exact even at finite S and for any choice of the symmetric interaction matrix
aj;. In this framework non symmetric interactions would correspond to non-conservative forces,
driving the system out of equilibrium. This effective Hamiltonian is the starting point of the
replica treatment of the random Lotka-Volterra system, which is therefore also restricted to
symmetric interactions.
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Solution without logistic growth

To better understand the role of demographic noise, it is instructive to look at the even simpler
process,

N =nt)VN , (3.55)

with initial condition N(0) = Ny. The solution of the associated Fokker-Planck equation is
known for all times [179]:

No+N
_No e Tt Ny 24/ NoN
P(N,t) =6(N Yy 1 .Sy I .
(N,1) = 6(N)e™ Tt + — ~ 1< T (3.56)

I; is the modified Bessel function of the first kind of order 1. Note that even though the
noise vanishes for N — 0, the species has a finite probability rate to go extinct, and the
distribution converges to a delta function in 0. This is a crucial difference between demographic
and environmental noise: because the latter vanishes faster when N — 0, it can never lead to
extinctions, unless we introduce a finite extinction threshold.

As it was noted in reference [180], by Taylor expanding the Bessel function we can show that
we can exactly sample P(N,t) as:

N
N = TtGamma (Poisson (T2)> . (3.57)
In other words, we sample a Poisson distribution with parameter %, we sample a Gamma

distribution with shape parameter given by the Poisson variable we have extracted, we multiply
the result by T't, and the random variable we obtain is exactly distributed according to P(N,t)
of Eq. (3.56). Since efficient Gamma and Poisson variables generators are widely available, this
allows us to efficiently sample the demographic noise. To simulate numerically a more general
process such as Eq. (3.48) or Eq. (3.20), we discretize time and we integrate separately at each
time step the deterministic part of the equation and the demographic fluctuations:

N(t+dt) = N(t) + f(N)dt (3.58)

N(t + dt) = TdtGamma <Poisson <W>> , (3.59)

where f(N) denotes all the deterministic forces acting on N [180, 181]. This method has an
error of order dt. Note that the naive integration of the stochastic differential equation through
the Euler-Maruyama method [182], i.e.

N(t+dt) = N(t) + f(N)dt + VTdtij(t)\/N(t) , (3.60)

with 7(t) a Gaussian variable with mean zero and variance 1, can lead to unphysical negative
abundances, resulting in numerical instabilities.

3.5.2 Environmental noise

We have seen that in the DMFT framework, the interactions between species can be replaced
by an environmental noise. This noise has in general non-trivial correlations, which should
self-consistently match the ones of the abundance. We nevertheless expect the behavior of the
system to be mainly controlled by the amplitude and the correlation time of the noise. The
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Figure 3.4: Stationary probability distribution of the abundance under white environmental
noise for two values of T,. The histogram represents the result of numerical simulations, the
green curve the analytical prediction (Eq. 3.63). When the environmental noise is strong, the
SAD exhibits a power law behavior at intermediate N, as can be appreciated from the log-log
plot in (¢). In gray we plot the slope of the power law P oc N~(1=70k/Te) " The log-log scale the
power law (or exponential) one at small N. A =0.15, rg =1, k = 1.

effect of these two control parameters can be evaluated in the simplified cases of white and
exponentially correlated noises.
Let us neglect for the moment demographic fluctuations, and consider the process:

N = 710N (k — N) + €()N + X . (3.61)

We first assume that & is white, with correlations (£(¢)&(t')) = 2T.6(t — t'). Since we will later
be interested in the colored noise case, we use Stratonovich discretization, which can be seen as
the limit of vanishing correlation time of the noise. This leads to an additional drift term in the
Fokker-Planck equation, which in this case reads:

OP(N,t) 0 0?

roN (k= N) + A+ T.N) P(N.1)) + Ty (N2P(N,1) . (3.62)

5~ an («

Its stationary solution is:

P o exp (—1 <(T6 —rok)log N +roN + )\>> . (3.63)

T, N
The result is plotted in green in Fig. 3.4; again it perfectly matches numerical results. In this
case the immigration leads to an exponential suppression in 0, and the decay at large IV is
exponential instead of Gaussian. When the environmental noise is strong, T, > rok, the SAD
exhibits a power law behavior at intermediate N, with P oc N—(1=70k/Te) (see the log-log plot
in Figure 3.4c). In this limit, the distribution reduces to Fisher’s log-series [171], which was
originally proposed to fit abundance distributions of British moths and Malaya butterflies, but
has since been used on a variety of other datasets [183]. Fisher’s log-series also arises from
neutral models [46].

Colored environmental noise

In the Fokker-Planck equation, the evolution of the probability distribution only depends on its
instantaneous value. It can therefore only describe Markovian processes, in which there is no
dependence on the history of the system. This is notably not true in the presence of colored
noise. The Unified Colored Noise Approximation (UCNA) [184, 185] allows us to obtain an
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(a) Linear scale (b) Linear-log scale (c) Log-log scale

Figure 3.5: Stationary probability distribution of the abundance under white demographic
noise and colored environmental noise. The histogram represents the result of numerical sim-
ulations, the black curve the analytical prediction under the UCNA. In orange the result con-
sidering only the demographic noise (Eq. 3.50), in green considering only white environmental
noise (Eq. 3.63), in red neglecting the correlations of the environmental noise, in purple con-
sidering only the colored environmental noise (Eq. 3.65). The linear-log scale plot highlights
the exponential decay at large N, the log-log one the power law (or exponential) one at small
N.7=051T,=05T=008A=01,rg=1,k=1.

approximate Fokker-Planck equation for exponentially correlated noise, which is exact in the
limit of both small and large correlation time 7.
Let us then consider again equation (3.61), but with exponentially correlated noise:

(EE)) = 2T, 1=t

e 7 . (3.64)
Because of the length of the equations, we directly give the stationary solution under the
UCNA:

T

N IN?2 T, —rok
Po<exp{ _ (1—1"01417')—7'7“O e’ log N+
T, 2T, T,
A 1+ ok (8.65)
T rokt o T
log ( 1 N+—|-=X - A .
+og( + 7710 —i—N) TN 2T€N2}

The result is plotted in purple in Fig. 3.5. In the limit 7 — 0 we recover Eq. (3.63). For 7 — oo
the amplitude of the noise vanishes, and indeed we correctly obtain a d-function centered in the
fixed point of the deterministic equation, i.e. in N = k for A = 0. The results are quantitatively
accurate for 7 < 1. After the completion of this study, we found that this result was similarly
obtained in reference [170].

Combination of both noises

It is also possible to find the stationary probability distribution under the combination of white
demographic noise and colored environmental noise, using again the UCNA to treat the latter.
The result is plotted in Figure 3.5 and matches very well the distribution obtained from numerical
simulations. The analytical distributions under some of the other discussed dynamics are also
shown for comparison. The full analytical form of the distribution is reported in Appendix A.2.
The behavior at large N is strongly affected by the presence of correlations in the environmental
noise, and not too much by the demographic fluctuations (the black and purple curves have
similar asymptotic behaviors in Fig. 3.5b), while the reverse is true at small N (the black and
red curves have similar asymptotic behaviors in Fig. 3.5¢). This analytical result was, to our
knowledge, never before reported in the literature.
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3.6 Towards an approximate closure of the DMFT equations
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Figure 3.6: Numerical result (in blue) and exponential fit (in orange) of the correlation func-
tion of the dynamics of Eq. (3.61) with colored noise. The correlation time of the noise 7,
and of the dynamics 7, are shown in red and green respectively. The dotted line is the
asymptotic value of the correlation, (N)2. The exponential is only fitted to the first part

of the curve (indicated by a continuous line) to increase numerical stability of the method.
Tin =057, k=12 T, =03, A=10"2.

The dynamics analyzed in the previous section are quite similar to the effective one resulting
from DMF'T, at least in the case of uncorrelated interactions (v = 0), in which the memory term
is not present. There are however two key points of DMFT that we haven’t taken into account.
The first is that every species should have a different effective carrying capacity, given by

kepr =k — ph —oz/qo - (3.66)

The heterogeneity in the ecosystem is reflected in the random term oz,/qo, which differs from
species to species. In the previous section we have focused on the distribution of the abundances
of a single species, when repeatedly sampled over time. To obtain the distribution of the abun-
dances that we would obtain by sampling all species at the same time, we need to average the
previous result over a Gaussian distribution of effective carrying capacities. This is in principle
quite simple, as we will see in Section 4.4.1 for a concrete example.

The second point that we have neglected in the previous section is that the parameters that
appear in the effective carrying capacity and the statistics of the noise must be determined
self-consistently. While static quantities can be easily derived from the abundance distribution,
this is not true for the noise correlation function. As we have already discussed, we expect the
system’s behavior to primarily depend on the amplitude and correlation time of the noise. Thus,
we can seek a self-consistent solution for just these two parameters, rather than for the entire
correlation function. The amplitude of the noise is proportional to the average variance of the
single species abundance abundance, (N?2) — (N)2, which can be obtained from the abundance
distribution. This is not the case for the correlation time, and we could not devise any useful
approximation scheme that would allow us to compute it analytically. However, it can be easily
obtained from numerical simulations of the dynamics.

Let us consider, as in Eq. (3.61), a species subjected to environmental noise:

N =rgN (k:eff — N) +§(t)N+)\ . (367)
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We have denoted the carrying capacity with k.r; to highlight that we are absorbing in this
parameter all the static contributions that come from DMFT, as indicated in Eq. 3.66. We
consider exponentially correlated noise:

(EME)) = —=e mn . (3.68)

For a given value 7, of the correlation time of the input noise, we simulate this dynamics. Once
the system has reached stationarity, we compute the correlation function C(At). The result,
plotted in Figure 3.6, is indeed well fitted by an exponential (up to an additive constant, given
by (N)2). From the exponential fit we can extract the correlation time of the dynamics Toy.
This allows us to obtain an approximate closure of the DMFT equations that is significantly less
computationally demanding than the one proposed in [66]. The advantage lies not only in having
to determine a single parameter self-consistently, rather than an entire function: the generation
of the noise also becomes much more efficient when exponential correlations are imposed?, with
a cost that scales linearly rather than quadratically with the number of time steps.
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Figure 3.7: 7oy versus 7, for various values of k (left) and (N) versus k for various values of
Tin, for A = 0.01 (top) and A = 0 (bottom). For A = 0 the average abundance is very close
to 0 for all negative values k, it is therefore not possible to reliably measure the correlation
time. The exponential fit is also not as good for small k, leading to more uncertainty in the
determination of 7,,;. T, = 0.3.

2The noise can be generated by simulating a Ornstein—Uhlenbeck process [186].
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3.6. Towards an approximate closure of the DMFT equations

In Figure 3.7a-c we plot the measured correlation time of the dynamics 7,,; as a function of
the correlation time of the imposed noise 7;,. A first interesting observation is that it is only
possible to find a matching 7,y (7in) = Tin if we consider a finite immigration rate (Figure 3.7a).
For A = 0, Tout(Tin) > Tin, for all values of k and T, considered (Figure 3.7c¢), meaning that the
timescale of the dynamics is always larger than the timescale of the noise. This is due to the
fact that when A = 0 the species spends long periods of time close to N = 0 (see Figure 3.8).
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Figure 3.8: Numerical simulation of the dynamics of Eq. 3.67, with and without immigration,
for the same realization of the noise £(t). When A = 0 (left) the species can reach exponen-
tially small values of the abundance. Growing back then requires a long time, and, if the con-
ditions are favorable just for a short time, the abundance remains close to 0. This is visible for
example around ¢t = 80: with immigration the species grows back to appreciable abundances,
whereas without it it remains close to 0.

The mismatch between 7, and 7., is related to the phenomenon of aging of chaos that is
found considering no immigration and no extinction threshold (see Section 2.6.2). To understand
this, let us imagine starting the many-species dynamics from random initial conditions in the
chaotic phase. Initially, each species is far from a fixed point, and grows or decays on a timescale
of order 1. In the DMFT framework, this generates a noise with a 7, ~ 1. At longer times, the
species is close to a fixed point, and its dynamics is primarily driven by the shifts of other species,
or, in the DMFT framework, by the self-consistent noise. The dynamics of species subjected to
this noise has a correlation time 7, > T, generating an increase in the noise timescale at later
times. This mismatch leads to a continuous slowdown of the dynamics, which is precisely the
aging of chaos phenomenon.

While matching 7, (7in) = 7in already gives some qualitative indications on the behavior
of the system, this is not sufficient to determine the solution, because the statistic of the noise
needs to be averaged over the quenched disorder, and all parameters must be self-consistently
determined at the same time. The dynamics in Eq. (3.67) depends on five parameters: the
effective carrying capacity kers, the amplitude of the noise 7., the correlation time 7;,, the
growth rate rg and the immigration rate A. rg and A are not affected by the DMFT treatment, so
we do not need to vary them to find the self-consistent solution. Since the remaining parameters
(keff, T and 7;,) are not very numerous and 7,,; depends smoothly on them (see Figure 3.7a),
it is convenient to simulate the dynamics in a grid of values of the three parameters, and fit
the function 7yt (7in, kegs,Te). The moments of the abundance could a priori be determined
from the approximate distribution of abundances under correlated noise, Eq. 3.65. However,
the approximation is not very good for the relevant values of 7, we therefore extract also the
moments of the abundance from the numerical simulations, determining (N) and (N?2) as a
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function of 7, kegr and T (Figure 3.7b). This completes the mapping from the parameters
that define the process to the properties of the dynamics:

(Tins kep sy Te) = (Touts (N), (N?)) (3.69)

which contains all the information we need to find a self-consistent solution.

The next step is to make explicit the dependence of k.ry and T, on the moments of the
distribution and the disorder. As previously mentioned, kefr = k — ph — 02,/qo. Regarding
T., we need to match the variance of the noise and of the abundances. In Eq. (3.68), we have
normalized amplitude of the correlated noise by 7;, in order to recover the white noise limit
when 7, — 0. We therefore have to impose:

2T,

Tin

=(N?) = (N)>=qa—qo , (3.70)

where gq; = (N?) is the value of the correlation function for equal times, i.e for At = 0. This
means that we need to set T, = %(qd — q0)Tin-

We now need to average the properties of the dynamics over the disorder contained in
kepp = k — ph — 0z,/qo. This gives us the self-consistent equations on the moments of the
abundance:

1
h= /Dz<N> (Tin, k — ph — 02+/qo, §(qd — q0)Tin) (3.71)
1
qq = /Dz<N2>(Tm, k — ph — ozy/qo, §(qd — q40)Tin) (3.72)
1
q0 = /DZ<N>2(Tm7 k= ph = 02/40, 5(4a — 40)7in) - (3.73)

The parentheses contain the arguments of the functions (N)(Tin, kes s, Te) and (N2)(Tin, ke, Te),
which we can fit from the numerical simulations. Averaging over the disorder is somewhat more
subtle in the case of the correlation time. We need to compute the averaged correlation function:

C(AL) = / Dz ((N?) — (N)?) e/t (3.74)

and extract from it the correlation time. We have omitted the dependence of (N), (N?) and
Tout ON their arguments for compactness.

The four self-consistency equations can be solved by iteration, as explained in Section 3.4.
Note that we do not need to simulate the effective single species processes at each iteration:
once we know the mapping (Tin, kesf, Te) = (Tout, (INV), (N?)) we can solve the DMFT equations
for all values of 4 and o, at fixed rg and A. This constitutes a further strong simplification
with respect to the method presented in [66]. Albeit in principle quite simple, this approximate
self-consistent closure of the DMFT equations is still work in progress.

Perspectives: chaotic dynamics in meta-communities

The approximate DMFT closure scheme could be particularly useful for studying the chaotic
dynamics in a spatially extended ecosystem (see Sec. 2.4), where the numerical method of [66] is
computationally unfeasible. As we explained in Sec. 2.6.2, in an isolated community the chaotic
phase is stable only in the presence of immigration: without it chaos slows down indefinitely
(aging) and some species reach unrealistically small abundances; if we introduce an extinction
threshold the system reaches an (unstable) fixed point. It has been proposed that a spatial
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structure would allow chaotic dynamics to persist, thanks to unsynchronized fluctuations in
different sites [153—-156].

The DMFT treatment of a spatially extended ecosystem will be the subject of the next
chapter. The result is analogous to the one obtained for a single community, but the response
and correlation functions must be self-consistently determined also as a function of space (see
Sec. 4.3.1).

As a first step, we could perform a mean-field approximation in space, which is exact in a
fully-connected network with an infinite number of patches. This greatly simplifies the analysis,
because it allows us to map the complex spatial process onto the dynamics of a single species
in a single site, with a self-consistently determined immigration A = D(N) (see Sec. 4.2.1 for
more details). The solution scheme would then be analogous to the one presented here, albeit
with some additional self-consistent equations to solve. Obtaining a fluctuating solution (i.e. a
self-consistent solution with 7, > 0) would allow us to verify that indeed a spatial structure can
stabilize chaotic dynamics.

In a finite dimensional system, for example a linear array of sites, the stability of this
fluctuating solution would presumably depend on the diffusion strength D. We could then
have a phase transition between an “inactive” fixed point phase and an “active” chaotic one.
Whether this transition falls in the Directed Percolation universality class is an open question
that could be addressed with our approximate DMFT closure scheme. In a finite dimensional
system, we cannot neglect the correlation of the noise in neighboring sites. We could either
try to self-consistently determine the entire spatial correlation function, or make an exponential
ansatz also in space:

lz, e 1)) = e (3.75)

TTy

We would then have to self-consistently determine only the correlation length 7,. One should
pay extra caution to this ansatz in the proximity of any phase transition, since the correlation
length usually diverges, and the correlation function can take a non-exponential form. The
long range correlations that are then obtained would presumably play an important role at the
transition.

3.7 Conclusions

Dynamical Mean Field Theory provides a description of a many-body system in terms of an
effective dynamics for a single degree of freedom, which is subjected to an additional noise and
memory term. This method can be fruitfully applied to complex ecological systems: it allows us
to compute the distribution of the abundances in the single equilibrium phase, and to obtain the
critical line at which this phase becomes unstable. Moreover it provides an insightful connection
between deterministic models that highlight the role of interactions and non-interacting models
in which the dynamics is driven by stochastic fluctuations. DMFT demonstrates that, if each
species interacts weakly with many others, these interactions can have the same effect as a
fluctuating environment. By linking complex deterministic models with simpler stochastic ones,
this approach challenges the conventional divide between the two frameworks, which indeed
often yeld similar results.

This mapping motivated us to study several stochastic single-species dynamics. By solving
the Fokker-Planck equations associated to the various processes, we obtained the Species Abun-
dance Distributions (SADs). In the case of exponentially correlated noise, the Fokker-Planck
equation was obtained through the Unified Color Noise Approximation, which is exact for both
long and short correlation times. In the limit of strong environmental noise, the SAD approaches
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Fisher’s log-series, which has been proposed to fit a variety of experimental datasets, and can
also be derived from the neutral model.

DMFT leads to some self-consistent equations on the correlation and response functions that
cannot in general be solved analytically. A numerical solution was performed in Reference [66],
but it is very numerically intensive. One of the main results of this chapter is the proposition
of a novel approximate solution scheme for the case of uncorrelated interactions (v = 0), based
on an exponential approximation of the correlations of the dynamics. The qualitative analysis
of the conditions to obtain a matching between the correlation timescale of the noise and the
one of the dynamics already provides some insights on the behavior of the system, and offers
a new perspective on the “aging of chaos” phenomenon. The proposed approach could prove
particularly valuable for the study of the chaotic dynamics in a spatially extended ecosystem.
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Chapter 4

Interactions and disorder rescuing
ecological diversity

In this chapter, we consider a system composed of many heterogeneously interacting species,
living on a discrete network of sites and experiencing demographic fluctuations. Materials from
this chapter can be found in reference [1]. The introduction section summarizes ideas already
detailed in the previous chapters to allow the chapter to be read independently.

4.1 Introduction

Community ecology explores how the interactions between different species shape the diversity-
rich ecosystems that characterize the natural world. Understanding the main mechanisms at
play is a challenge that spans different scientific fields and it is relevant for human health [187].

There are three salient facts that one has to take into account in this endeavor. Many
ecosystems of interest are species-rich. The interactions between these large sets of species,
and the induced ecological dynamics, can lead to complex dynamical behaviors such as chaos
and a very large number of possible equilibria [10-12,65, 135,150, 188]. Many ecosystems are
spatially extended: the ecological dynamics takes place at some local scale, but individuals can
then explore different spatial locations through migration [69]. This can lead to the appearance
of complex ecological phenomena, such as traveling activity fronts, pattern formation, and per-
sistent chaotic dynamics [79,92,93,114,155,156, 168,189, 190]. Ecosystems are subject to noise,
in particular environmental and demographic (due to stochasticity in births and deaths). Both
noises induce fluctuations which are a key factor in determining abundances distributions, and
their time-dependence [57,58,60,170,191-197]. Understanding the interplay between these three
properties of ecosystems is essential for answering many central questions in community ecology.

In this chapter, we consider spatially extended species-rich ecosystems subject to demo-
graphic noise. We will consider populations that are large but spatially structured, so that
demographic fluctuations globally average out, but they have an important effect on the local
dynamics. This is for example the case in semi-arid ecosystems: the total number of plants is
such that global fluctuations are negligible, but at the local level stochasticity can play a funda-
mental role [194]. Our aim is to understand how in these cases interactions and spatial migration
can allow for large diversity and finite abundances despite the adversarial role of demographic
noise. In fact, in an isolated community demographic noise leads to extinctions, irreversibly
reducing the ecosystem’s diversity until there are no species left [195].

Previous works, following the classical theory of Island Biogeography by MacArthur and
Wilson [64], proposed as a rescuing mechanism the immigration from a static reservoir (or
“mainland”, when thinking of an island-mainland system) [5, 11,65, 195, 198]. Nevertheless,
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this approach simply shifts the question from how diversity is maintained on the island to its
maintenance on the mainland. Here we use a different approach. We consider ecosystems
as a network of ecological communities (a metacommunity) coupled by passive dispersal. In
this case, the immigration rates are not externally imposed, but they are the result of the
internal dynamics. If a species goes locally extinct in one of the communities, immigrants
from the neighboring ones can re-invade, providing an “insurance” (or “storage”) effect [71,72].
This makes the possibility of a global extinction much more unlikely, and it can allow the
ecosystem to self-sustain at finite abundances and diversity. The stabilisation of high-diversity
states by spatial structure is a very general phenomenon: it can arise in the presence of spatial
heterogeneity of environmental conditions [69,71,72,82,199] or when abundances in different
spatial locations exhibit unsynchronized fluctuations [79,155,156,200]. Providing a theory for
this mechanism for species-rich ecosystems subject to demographic noise, and assessing the role
of interactions, is the main contribution of this chapter.

The situation is well understood in the case of a few species, in which depending on the
competition between migration and death-birth rates the system is found to be either in a
survival or in a extinct state. A transition separates the two regimes [92,93,201]. This phase
transition falls in the universality class of Directed Percolation, a second-order out-of-equilibrium
transition studied in statistical physics and widely used to describe spreading phenomena, from
forest fires to epidemics [89-91].

In a many-species metacommunity with constant competitive interactions, it was recently
shown that a similar second-order phase transition takes place and that it also belongs to the
Directed Percolation universality class [79]. Because the transition is continuous with vanishing
abundances, interactions, that are quadratic in the abundances, are subleading at the criti-
cal point. In consequence, the main mechanism at play in this case is still the competition
between migration and death-birth rates. We shall show that the scenario for heterogeneous
interactions is different and goes beyond the directed percolation paradigm. The transition can
become discontinuous. The ecosystem can exhibit global bistability and tipping points between
drastically different alternative states. Upon small changes in the environmental condition, the
system can undergo catastrophic shifts from a state with large diversity and finite abundances
to one in which all species are extinct. As in many other dynamical systems, from coral reefs to
arid ecosystems and from Earth’s climate to financial markets [202-205], it is important to find
early warning signals of these kinds of transition in order to prevent them. We have identified
a specific probe, which is based on the response of the ecosystem to perturbations, and that
can be monitored in experiments. Our analytical framework shows that interactions play a key
role both in the overall scenario and in promoting a self-sustained survival state, in agreement
with results obtained for constant mutualistic interactions [206]. Remarkably, in our case, het-
erogeneous interactions of the pool of species are not necessarily mutualistic on average. It is
the ecological dynamics that shapes the ecosystem in a self-sustained phase characterized by
emergent mutualistic behavior among the non-extinct species.

In our work, we make use of several methods developed in statistical physics that are par-
ticularly well suited for species-rich ecosystems, which are complex systems formed by many
interacting degrees of freedom undergoing stochastic dynamics. To model the heterogeneity in
the interactions, we sample the coupling coefficients from a random ensemble. We have thus to
deal with “disordered” ecosystems, which can be analyzed by transferring methods from spin-
glass theory [105]. This disorder approach, which dates back to May’s seminal paper [106], has
recently inspired a growing body of work [10-12,60,132,133,135,207,208] and also received pos-
itive experimental confirmations [198,209]. Previous works have explored within this framework
the effect of heterogeneous interactions [10-12, 106, 135], demographic fluctuations [12,60] and
spatial structure [79,93,114, 155,156, 168], but the analysis we present here is to our knowledge
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the first analytical study in which the three ingredients are combined.

The model we focus on is a disordered Generalized Lotka Volterra (GLV) system of metacom-
munity subject to demographic noise. For one community, the disordered GLV has been shown
to have a rich phase diagram, and to display several dynamical regimes: single equilibrium,
multi-stability, and chaos [10-12,135,198]. We expect this complex behavior also in the case
of spatially structured ecosystems [168]. In this work, we focus on the moderate-heterogeneity
regime in which there is a single stable equilibrium. This allows us to disentangle the multista-
bility due to the fragmentation of the basins of attraction of the ecological dynamics at strong
heterogeneity from the bistability of the feedback mechanism between abundance and immigra-
tion. Our analysis is performed using a mean-field approximation on the spatial fluctuations,
which is equivalent to considering that the community network is a fully connected graph.

Note that because of their generality, Lotka-Volterra equations have been applied to a variety
of fields besides their original ecological interpretation, from immunology to economics and game
theory [94-97]. Our results could therefore find applications beyond ecology, notably for the
study of global bistability and crashes in economy.

4.2 The model

Figure 4.1: A metacommunity of 7 species living on 3 patches. Each individual interacts with
the local community to which it belongs possibly migrating to neighboring patches with diffu-
sion coefficient D.

We consider a meta-community of S species living on a network of L discrete spatial locations,
or patches. The patches could represent islands or water sources, but also a population of hosts
for their microbiomes [85] or the metastasis of a tumor [86]. A graphical representation of the
system is given in Figure 4.1 in the case of a fully connected network of 3 patches. Each species
is characterized by its abundance in each patch, which is modeled by a continuous variable, N; ,,
representing the total number of individuals divided by the typical size of the local population
Ntyp. The abundance of species ¢ in patch u evolves according to the stochastic differential
equation:

g > (Niw = Niw) + 1 (8)y/ N (4.1)
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which corresponds to Lotka-Volterra (LV) dynamics, with constant growth rate rg and carrying
capacity k that are set to 1 throughout. The notation du indicates the set of patch neighbors of
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u (from and to which species in patch u can migrate). The growth of each species is influenced by
the abundance of all the others through the interaction coeflicients of: if o} is positive species j
inhibits the growth of species ¢ in patch u and vice versa. Positive o} and o; correspond to two
species competing for resources, whereas «;; and aj; both negative correspond to mutualistic
behavior. Predation leads to opposite signs. The interaction network is fully connected, i.e. any
two species interact, but we expect our results to hold also for other interaction networks with
extensive connectivity [11].

To model the heterogeneity in the interactions of species-rich ecosystems, we follow [10,
65] and consider the disordered LV model. As already discussed in Section 2.6, the disorder
approach has attracted recently a lot of attention [10-12,60, 133, 135,207] and also received
positive experimental confirmations [198,209]. In this framework, the interaction coefficients
are random variables, with mean p/S and variance 02/S. They are independent in each patch
except for of; and af;, which have a correlation coefficient 7. In the following, we will first
focus on the symmetric interactions case (y = 1), and then show that a small asymmetry
does not qualitatively change the results. As the interactions between species can depend on
the environmental conditions (temperature, humidity, resources availability...) which differ in
space, we consider interaction matrices fluctuating from one patch to another, i.e. they are not
identical in different patches but corresponding elements «; and a;j; have a correlation coefficient
p [155,156].

We will restrict the choice of p and o to values for which an isolated Lotka-Volterra com-
munity only displays a single uninvadable equilibrium (the single equilibrium phase presented
in Section 2.6.2). Without spatial heterogeneity the transition point is not modified by the
introduction of a spatial structure [168, 169], and spatial heterogeneity decreases the effective
complexity of the interaction network [82], favoring the single equilibrium phase. Therefore we
also expect the metacommunity to be in the single equilibrium phase for all the allowed values
of u and o. The effect of migration between patches in the strong heterogeneity regime with non
symmetric interactions, in which a single community with fixed immigration exhibits chaotic
dynamics, [10-12,135,198] was studied in [155, 156] in the absence of demographic noise. It
leads to complex dynamical behavior with long-lived persistent fluctuations. Combining strong
heterogeneity, demographic noise, and spatial migration is a challenge left for future studies.

In the model defined by Eq. (4.1) individuals can migrate on the patches network through
diffusion, with a constant diffusion coefficient D /¢, where ¢ is the connectivity (or number of
connections per site) of the network. We assume the network to be translationally invariant,
therefore each site has the same connectivity. Migration is possible and equiprobable from patch
u to any of its ¢ nearest neighbors v € Ju.

Each species is subject to a white demographic noise 7}', accounting for the stochasticity in
birth and death events in a continuum setting [12,60]. We follow Ito’s convention, according to
which fluctuations in birth and deaths at time ¢ + dt depend on the abundance at the previous
time step. The noise is uncorrelated and of constant amplitude across species and patches:

(i (3 (') = 2T0150u,0(t — ') . (4.2)

The auto-correlation of the demographic noise defines the noise strength 7" which depends on
the birth and death rates and on the typical size of the local population; T scales as T' o< 1/ Ntyp
[12,60]: the smaller the local populations, the more important are demographic fluctuations. As
we saw in the previous chapter, T can be interpreted as an effective temperature.

Some further insights into the effect of the demographic noise can be obtained considering
it in the absence of all the other terms. In this case, an exact solution to the associated Fokker-
Planck equation is available, showing that starting from any initial condition the population
goes to zero abundance with some finite rate (see Sec. 3.5.1 and [179,180]). Therefore also in
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the continuous model, extinction is possible over finite times, and not only asymptotically as it
would be the case for example with environmental noise.

4.2.1 Mean field Directed Percolation

As we explained in Section 2.4.1, a single species subject to birth, death and diffusion on a spatial
network undergoes an out-of-equilibrium phase transition that falls in the Directed Percolation
(DP) universality class. Let us for the moment neglect interactions, and consider the single
species model:

N = roNu (k= No) + 0OV Ny + 2 3 (N, = M) (43)

vEJU

When the migration is sufficiently strong, the species is able to self-sustain at finite abun-
dances, whereas at small (or zero) dispersal, the species goes extinct due to demographic noise.
We can study the DP phase transition under a mean field approximation in space. This amounts
to replacing the empirical average over neighbors that appears in the diffusion term with its
average over demographic fluctuations, %Zveau Ny — %Zveau(]\m. Since the system is trans-
lationally invariant, the average abundance is the same in each site, and can be determined
self-consistently:

N =7oN (k- N) +n(t)V'N + D(N* — N) , (4.4)

with N* = (N) the average over fluctuation of the abundance under the effective single-site
process. We have dropped the index u since the equation does not depend on it anymore.
The mean field approximation becomes exact in the limit of large connectivity ¢ — oo, and in
particular in a fully connected network in the limit of infinite number of sites.

The equation we have obtained is formally equivalent to the one describing a species subject
to demographic noise and migration from an external reservoir studied in Section 3.5.1. The
migration term leads to a reduced carrying capacity (k — D/rg) and a self-consistently defined
immigration A = D(N). We can therefore use the probability distribution obtained in Eq. (3.50)
to compute the average abundance:

N* = (N) = / ANNP(N;\ = DN*) . (4.5)

We have made explicit the dependence of the probability distribution on the immigration to
show the self-consistency of the equation. N* = 0 is always a solution, because in the absence
of immigration the probability distribution becomes a d-function in 0. If D is above a critical
threshold Dy, the equation also has a finite solution, signaling the onset of the active DP phase.
The DP phase transition is continuous: N*, the order parameter, goes to zero continuously
approaching Dy from above. Close to the transition, we can therefore expand Eq. (4.5) in
powers of N*:

N* = a;N* + as(N*)? , (4.6)

where a1 and as are constants that depend on D, T, ry and k. ao is always negative, therefore
the equation will develop a positive solution when a; = 1. This leads to an implicit equation for
the critical point Dy:

T (krg — Dg)? < <l<:r0 - D0>>
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Figure 4.2: Phase diagram for Directed Percolation in the mean-field approximation: in green
the active phase, in which at long times there is a finite density of particles, in white the inac-
tive phase, in which all particles eventually die. Dy(T') indicates the transition line (see Sec.
4.3 and App. A.5.1 for details).

The resulting phase diagram is plotted in Figure 4.2.
For T'— 0 we can expand Eq. (4.7) and show that Dy vanishes exponentially:

Do(T) ~ (4.8)

2
The reason for this behavior is that at low demographic noise, the abundances of a species with
carrying capacity k undergoes a fluctuation toward very low values very rarely. In fact, one needs
to wait a rare fluctuation of the demographic noise that makes the species go against the force
due to the logistic growth. This phenomenon is similar to the one encountered in the Kramers’
problem for barrier crossing. Using the same line of arguments employed there, one finds that

the timescale for this rare event is e2T (the “energy barrier” equals k2?/2). The equation above
can be therefore interpreted as a balance between two inverse time-scales: the one needed for
diffusion to operate and the one over which extinctions take place.

The aim of this work is to generalize these results to the case of species-rich ecosystems in
the presence of heterogeneous interactions. Upon increasing the number of species in the pool
and considering heterogeneous interactions, the set of directed percolation processes is no longer
independent and the complexity of the model increases considerably. In fact, the system becomes
equivalent to the collection of an infinite number of directed percolation processes, coupled by
random interactions — an interesting and open statistical physics problem.

4.3 Methods

4.3.1 DMFT and coupled Directed Percolation processes

In this work, we aim to study systems in which both the number of species and the number
of patches are very large. In order to obtain analytical results we follow the statistical physics
“way” and take the limit of an infinite number of species and an infinite number of patches.
In this double limit (whose order is irrelevant) the macroscopic properties of the system do
not depend on the particular realization of the demographic noise and of the interactions: the
macroscopic properties are self-averaging in the jargon of disordered systems [105].

As we explained in Chapter 3, the large S limit allows for an analytical treatment, as the
dynamics of the S interacting degrees of freedom can be replaced by the effective dynamics
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for a single representative species, through Dynamical Mean Field Theory (DMFT, see Section
3.3) [66]. The effect of interactions with other species is captured by an environmental noise
and a memory term, which are defined in a self-consistent way. Thanks to DMFT, we can map
an infinite number of randomly coupled DP processes — a formidable problem — into a single DP
process with additional terms to be determined self-consistently (a colored noise and a memory
term).

Our derivation follows the one developed in reference [66] and discussed in Section 3.2, and
can be found in Appendix A.3 for generic values p of the spatial heterogeneity of the interactions.
Here we outline the main steps in the special case of patch-independent interactions, p = 1. We
expect that after a transient the system will settle in a steady state, we derive the effective
dynamics assuming to be in this time-translationally invariant regime. For S — oo, DMFT
allows one to replace the interaction term — 3 ; a;jN;,, by a stochastic expression that has the
same statistical properties:

—ph — oL (t) + o2y /Ot Z Ruw(t, s)Ni(s)ds . (4.9)

Since this allows us to decouple different species, we will for simplicity omit the species index ¢ in
the following. We now discuss the different contributions. Note that in the following empirical
averages over species will be denoted as E[-].

The first term represents the average interaction with all other species. It is given by the
product of the mean of the interaction strength and the mean abundance, h = E[N,], that in
the steady state does not depend on the patch u thanks to translational invariance.

The second term represents the fluctuation of the interaction with all other species. It is
given by the product of the standard deviation of the interaction coefficients and Gaussian
noise with zero mean and correlation matching the time auto-correlation of the single species
abundances:

(€u(t)eu(s)) = E[Nu(t)Ny(s)] := Cup(t —5) . (4.10)

The noise gu(t) is multiplied by the abundance in the LV equations. Following the definitions
of Sec. 2.3, we will call it environmental since its effect is to add fluctuations to the carrying
capacity. Since the autocorrelation of the abundances generically decays to a positive plateau
at large time separations [66], one can decompose the environmental noise into a fluctuating
component and a static one. The former corresponds to the fluctuations due to ecological
dynamics for a given species. The latter is characteristic of a given species and fluctuates from
species to species [66]. We decompose the noise by rewriting &,(t) = z/C5° + &,(t), where
CP = lim; o0 Cyu(t,t + 7) is the value of the correlation function within the same patch at
infinite times, z is a static Gaussian variable with zero mean and unit variance, that now plays
the role of quenched disorder, and &,(t) is a fluctuating noise whose covariance vanishes at long
times. Again C3° does not depend on the patch u thanks to translational invariance. The static
part of the noise does not depend on the patch because we are considering interactions that do
not depend on space (p = 1), see Sec. 4.3.4 for the extension to generic p.

To distinguish the roles of fluctuating and static noises in the GLV equation, we introduce
two kinds of averages: (-) indicates the average over the fluctuating noises £ and 7. It is an
average over the ecological dynamics, or by ergodicity, over patches for a fixed species. In
analogy with physical systems, we call it thermal average. The overline - instead stands for the
average over the static field z corresponds to averaging over species or over different instances of
the interaction matrix. Again in analogy with the physical system, we call it quenched disorder
average.
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The last term in the dynamical mean-field treatment of the interactions is due to a feedback
mechanism: a fluctuation of the abundance of species i influences species j, which in turn
influences species 7. These contributions sum up because of the correlation between «;; and
its reciprocal oj;, leading to the factor v. This feedback mechanism (called Onsager reaction
in the spin-glass literature) generates a memory term, containing the response function of the
abundance on patch u to a perturbation in the carrying capacity in patch v:

| 9Nu(?)
Ruu(t,s)=E lécv(s) L_J . (4.11)

In the S — oo limit, there is convergence in law between the statistics of the infinite number
of randomly coupled DP processes and the effective one [165,210], i.e. the dynamics of a species
satisfying the GLV equation (4.1) is equivalent to the effective one of a single species living on
the original spatial network:

_ t
N, = N, (k — Ny — ph—0o (z C¥+ Su) + 027/ Z Ry (t, S)Nv(s)ds> +
0 v

2 > (N = Nu) +1muv/ Ny -

C
vEJU

(4.12)

We set rg = 1 here and in the following. The DMFT closure consists then in replacing the
empirical averages over species E[-] with the one with respect to the effective single-species one.
Because the effective process itself depends on some averaged quantities, one ends up with a
self-consistent stochastic equation.

Eq. (4.12) can also be interpreted as the Langevin equation associated with a Directed
Percolation (DP) process, with the addition of a memory term (that is absent in the special case
~ = 0) and environmental noise. The effect of the static part of the environmental noise z is
to change the control parameter of the DP process, determining whether this is sub-critical or
supercritical.

Interestingly, whereas a system of few species interacting and diffusing on a network was
established to boil down to a standard DP problem [90, 92,93, 201, 211], the case of many
species is fundamentally different and belongs to a different class. Indeed, a system of many
species is equivalent to a family of many DP processes, characterized by different values of static
and fluctuating noises and coupled through the common self-consistently determined mean,
correlation, and response functions. In this work, we study whether the DP transition can
fundamentally change nature due to this self-consistent coupling. Even if the transition remained
qualitatively DP-like (continuous and from an absorbing state to a fluctuating one) critical
properties could change. In fact, although an environmental noise can be shown to be an
irrelevant perturbation of the associated field theory [89], within DMFT the environmental
noise inherits the time dependence of the correlation function through the self-consistency. It
can therefore develop long-range correlations in time at the critical point, possibly altering the
critical behavior and leading to a new universality class.

4.3.2 Mean-field approximation in space

Studying the coupled field theories of Eq. (4.12) is a formidable task. In the following, we
simplify the problem by doing a mean-field approximation which allows us to obtain a general
theory independent of the underlying network of patches.

As we did in Sec. 4.2.1 to study a single mean-field DP process, we replace the term
D5 eou No by its thermal average £ 3, 5, (N,,). Thanks to translation invariance, N* = (N,)
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does not depend on the patch (nor on time since we are considering steady states). This
procedure corresponds to a mean-field approximation of the spatially dependent DMFT Egs.
(4.12). Such DMFT? approximation becomes exact for a fully connected network. In fact, in
this case, taking the L — oo limit, the empirical average of the abundances over the patches
concentrates around the thermal average N* = (N,). From now on, we shall focus on this case.

By substituting %Zveau N, with DN* in Equation (4.12), one obtains an equation on
N, only, with an additional parameter to be determined self-consistently. Note that N* is
obtained by averaging only over thermal fluctuations, and not over disorder: therefore, it will
have to be determined as a function of z (see Figure 4.3). This means that different species will
have different immigration rates (here, for simplicity, we are still focusing on the p = 1 case;
generalizations will be discussed later).

This substitution allows us to decouple stochastic processes for the abundance in different
patches. Since all patches are equivalent on a fully connected lattice, the Ry, and Cy, matrices
(of functions) only have two independent elements: the diagonal ones, R; and Cy, and the off-
diagonal ones Ry/L and Cy. The off-diagonal response is of order 1/L because a perturbation in
patch v influences the abundance in patch u through the diffusion term, that in a fully connected
network scales as 1/L. The sum over sites of these small contributions has a non-negligible effect
on the system. Omitting for simplicity the index wu, we obtain (for large times, i.e. in the steady
state):

N = N(k—N—uh—az./Cgo —o&(t)+
(4.13)

+ o2y (/Ot Ry(t — s)N(s)ds + N* /Ot Ro(t — s)ds) ) + D(N* = N) +n(t)VN .

4.3.3 Symmetric interactions and thermal equilibrium
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Figure 4.3: Self-consistent solution for N*(z) (blue) and Gaussian probability distribution
P(z) (green). In orange we plot aj(z), the coefficient of the first order expansion of the self-
consistent equation for N* defined in App. A.5, generalizing Eq. 4.6. a1(z) = 1 defines the
single species extinction threshold z*, indicated by a gray vertical line. The highlighted region
corresponds to the non-extinct species, its area is the diversity of the ecosystem. T" = 0.4,

D =015 u=1,0=0.5.

Equation (4.13) differs from the one obtained from DMFT on a single site in Section 3.3 only
for the presence of two additional constant shifts of the carrying capacity (o2yN* fg Ry(t—s)ds

95



Chapter 4: Interactions and disorder rescuing ecological diversity

and —D), and for the fact that the immigration is self-consistently determined, A = DN*. As in
that case, we show in App. A.1 that if the interactions are symmetric (v = 1), the self-consistent
solution maps to a thermal equilibrium process. In fact, one finds that the diagonal elements of
the response and correlation functions obey a fluctuation-dissipation relation:

10
———Cy(1) .
Tor a(7)
The memory term and £ therefore play the role of a friction term and the noise associated
with a colored thermal bath at temperature 7. The stochastic process maps then to a gener-
alized Langevin equation whose stationary probability distribution is given by the Boltzmann

distribution at temperature 1" and with the effective Hamiltonian:

Ry(r) = (4.14)

2 2
— _ i 0 _ (oo l _ _ _ _ 0o 2 nT* pint
H.p = (1 T (Cq —C3 )) 5 (k—D — ph — z,/C0 + 0 N*Ry™" )N+ (4.15)

+(T = DN*)InN ,

where C’g is the equal-time correlation function, namely the second moment of the abundances
over disorder and noise, (N?2). The long time limit of the correlation function, C5°, represents
instead the second moment of the thermal-averaged abundances, (IV)2.

Rf)”t is the integrated off-diagonal response, i.e. the response of the abundance in patch u
to a perturbation of the carrying capacities of all other patches (all of them because we have
included a factor L in its definition). Its determination requires a careful analysis of how the
different patches influence each other.

Off-diagonal response

At equilibrium we can rewrite the integrated disorder-dependent responses to a perturbation of
the carrying capacity (indicated by R (z) in the following) and of the immigration rate (x(z))
in terms of connected correlation functions of V:

R) = [ ar(Geh = 503 — (v - (v (1.16)
X = [T arGEE = 2 = (o N) - (V) og ) (117)

When the time dependence is not indicated we are considering a time independent perturbation.

Adding a perturbation in site v leads to a variation of the abundances in all other sites,
because of the coupling by diffusion and the off-diagonal memory term. These variations are
of order 1/L, but since there are L of them they give a relevant contribution. When studying
LN:> we need to take into account four contributions: there is a O(1) variation of N, that leads
to a O(1/L) perturbation of the immigration rate perceived by N, and a O(1/L) change in
its off-diagonal memory term; there are L — 2 variations of O(1/L) of the N, with w # u,v,
each leading to a O(1/L?) change in both immigration and memory term. Carefully taking into

account all these contributions, we can write RZ*(z) in terms of Rﬁl"t(z), x(z) and R¥™(z) itself:

O(Ny
Rya) =1 [ = 1

<D(9N 2 pint XN >) yo o (418)

9, \L X w a<u> wz ¢,

_ L<(8NU <D8N 2Rznt i) int a(

= (Dx(2) + o R () RE™) (Ri(2) + Rir'(2)) -
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4.3. Methods

In the third line we used the fact that the correlations between different patches are subleading
to take separately the thermal averages. Solving for RJ"(z) we obtain:

(Dx(2) + o?Ri' () Rif* ) Rip*(2)

RIM(2) = — : (4.19)
’ 1-— (Dx(z) + UZRzlnt(z)Rf)”t>
We can then average over z to obtain RJ":
‘ Dx(z) + UQRint(Z)Rint Rmt(z)
Rint — ( ")) B . (4.20)

1= (Dx(2) + o2 Ripi(2) Ry

Static self-consistency equations

The self-consistency equations can be expressed as averages with respect to the Boltzmann
distribution:

S AN Ne PHers
0 dNe PHess
o J5? ANNe PHers
Ny = / R =y (4.22)
J5° AN NZe=PHers
Jo? dNe PHess

0 INNeBHers \
oo 2 __ fO
CP¥ =(N) = Dz( = dNe P ) ) (4.24)

N*(z) = (N) (4.21)

h

CY=(N?)= | Dz (4.23)

and analogously for R&". [Dz = | \7—2%6_'22/ 2 indicates the average over the Gaussian field.

These equations can be solved iteratively: starting from a suitable initial condition for N*(z),
h, CY, C5° and R§™, one updates their values according to equations (4.21)-(4.24) until reaching
a fixed point. Because very large values of z are exponentially suppressed by the Gaussian
distribution, it is sufficient to determine N*(z) for z of O(1). An example of the self-consistent
solution for N*(z) is plotted in Figure 4.3.

In conclusion, within the DMFT? approximation and for the symmetric case, the formidable
self-consistent stochastic equations (4.12) can be analyzed by studying a set of static self-
consistent equations on four parameters h, C’g, e, Ri" and one function N*(z). Solving these
equations (see next section) allows us to obtain a general picture of the interplay between mi-
gration and demographic noise for spatially extended metacommunities. In order to show that
such a picture is valid beyond the simplified case we focus on, we have also considered several
extensions that we shall present below.

4.3.4 Extensions
Spatial heterogeneity

In the case of a generic value of the spatial heterogeneity of the interactions p, an analogous
procedure can be implemented, with some important differences. The static disorder is now a
patch-dependent and correlated variable, that we can decompose as p\/C5%z+ /C° — p?C§Cw,
where z is constant and w,, independent across locations, and C3° and Cg° are the infinite time
correlation function of the abundance on the same patch and on different patches, that for p =1
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Chapter 4: Interactions and disorder rescuing ecological diversity

coincide. Averaging the abundance across patches to obtain the immigration rate requires an
additional step, i.e. averaging also over w,. The solution of the self-consistent equations, albeit
conceptually analogous to the p = 1 case, is for generic values of p much more numerically
challenging, because of the need to integrate over two disorder fields, z and w,,. For this reason,
we focused on the two extreme cases, p = 1 and p = 0, in which only one of the two disorder
fields is present. The results are qualitatively similar so we expect our conclusions to hold also
for intermediate values of p. We confirm it by numerical simulations at 0 < p < 1.

Asymmetric interactions

The mapping to an equilibrium distribution requires symmetry in the interactions: non-symmetric
interactions correspond to non-conservative forces, which explicitly break time reversal and lead
to non-equilibrium steady states. In order to show that our results hold also in this case, at least
if the asymmetry is not too strong, we have analyzed the case of small asymmetry in pertur-
bation theory. The analysis of the Martin-Siggia-Rose-De Dominicis-Janssen action [175-178]
allows us to conclude that a small degree of asymmetry (7 = 1—¢, € < 1) does not affect quali-
tatively the results we shall present in the next section, therefore establishing that our findings
for the symmetric case also holds for small asymmetry (see Appendix A.4 for more details). We
have also confirmed this result by numerical simulations for v < 1.

4.4 Results

In the following we present our analytical results focusing on ecosystems with parameters o = 0.5
and = 1, hence a case in which interactions are in average competitive for the pool of species.

4.4.1 Characterization of the self-sustained phase
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~ // 0.81
=
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0.7
0.50 : : : 0.6 . . :
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Figure 4.4: Average abundance (N) and diversity ¢ as a function of the diffusion constant D
for T'= 0.25 (top) and as a function of temperature (strength of demographic noise) for D =
0.1 (bottom). The dashed lines represent the T'= 0 well-mixed results. p =1, o = 0.5.

By solving the DMFT equations described in the previous section, one finds that when the
diffusion constant is large enough the system is in a self-sustained phase (active phase in the
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directed percolation jargon) in which a non-zero abundance is maintained despite the presence
of demographic fluctuations. In this regime, although some species go globally extinct on all
patches, others survive thanks to the migration from neighboring patches. This mechanism is
sufficient to prevent extinctions due to demographic stochasticity and leads to a self-sustained
metacommunity.

In the following, we discuss the salient properties of this phase, focusing on two ecologically
relevant observables: the average abundance, h = W, and the ecosystem diversity ¢, defined
as the fraction of species that are not globally extinct, i.e. that have non zero abundance in at
least one patch. At stationarity, we can compute the ecosystem diversity as ¢ = 6((N)). We

also discuss the abundance distribution.

Average abundance and diversity

As expected, demographic noise is detrimental to survival: the fraction of surviving species, or
diversity, and the average abundance decrease with the strength of demographic fluctuations,
see bottom panels of Fig. 4.4. On the contrary, dispersal is beneficial, as shown in the top
panels of Fig. 4.4. The behavior of the diversity for species-rich ecosystems with heterogeneous
interactions in the presence of demographic noise is a novel result of our approach: in the case
of fixed external immigration, previously often considered in the literature, all species are kept
alive by the immigration, albeit some at very small abundances, it is therefore not possible to
rigorously define the ecosystem diversity [5]. We find that the species that go extinct are those
whose growth is on average more affected by the interactions with the rest of the ecosystem,
as quantified by the static part of the environmental noise —zo,/C3°, which renormalizes the
carrying capacity of a species. For p = 1, if z is lower than a critical value z* the corresponding
species goes extinct (Figure 4.3). In Appendix A.5, we show that at z* the single DP process is
critical: species with z < z* are in the active DP phase, whereas if z > z* the species is in the
inactive DP phase. This argument can be generalized for smaller values of p.

The case of independent interactions across patches (p = 0) is special. Since all species are
globally equivalent, they can only be all surviving or all extinct. In general, all species have
some patches in which they are very abundant, immigrants from these patches can then save
them from extinction in the rest of the system. This favorable role of dispersal through which
spatial heterogeneity enhances diversity has been discussed in [69,82,156,199].

The limits D — oo and T° — 0 can be mapped to the well-mixed case. For D — oo the
timescale of spatial mixing is much smaller than all other timescales, therefore the abundances
of each species are equal on all sites. The absence of spatial fluctuations allows one to write
an evolution equation involving only the space-averaged abundances, that corresponds to an
effective single local community without demographic fluctuations with interactions given by
the spatial average of the original ones. The well-mixed result is also recovered (for p = 1) in
the T — 0 limit (see two bottom panels of Figure 4.4): because the abundances do not fluctuate
there is no migration flux between patches, and the diffusion term plays no role.

As for the distribution of the abundances, we find an exponential decay, as it is the case in
other models with random fully connected interactions [10-12,212].

Abundance distribution

As noted before, two types of stochasticity contribute to the distribution of abundances. Each
species is subjected to demographic and environmental noise, making their abundance a time-
dependent random variable. For each species, the abundance is distributed according to the
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Figure 4.5: (a) Probability distribution of the abundance for a given species, i.e. at fixed z; in
red for a species close to extinction (z = —0.45, N* = 0.148), in green for a species far from

extinction (z = —2.45, N* = 1.733); T = 0.4, D/Dy(T) = 0.84. (b) Probability distribution
of the abundance N; in orange deep in the survival phase (T = 0.8, D/Dy(T) = 1.5), in blue
right before the discontinuous transition (I" = 0.4, D/Dy(T") = 0.84). Note that the shown
distributions do not integrate to 1 because a finite fraction of the species are extinct, leading
to a delta function in zero with weight 1—¢. (¢) Probability distribution of the space (or time)
averaged abundance, because of extinct species we again have a delta function in zero with
weight 1 —¢. T'=04, D/Do(T) =0.84. p=1,0=0.5, p=1.

Boltzmann distribution with Hamiltonian Hs¢ from Eq. (4.15):

e_BHeff(szJV*(z))
P(N|z) = [ dNe P NN (4.25)

Two examples of this distribution, for different values of z, are plotted in Figure 4.5a.

On top of this, because of disorder, different species experience different average interactions
with the rest of the ecosystem. This corresponds to different values of z, which is Gaussian
distributed, and leads to species-dependent factors in Hyy. If we want to study the distribution
of the abundances of all species at a given time in one site (P(N)) we need to take into account
both effects. We can compute P(N) marginalizing over z:

P(N) = / DzP(N|z) . (4.26)

We could also be interested in the distribution across species of the abundance averaged over
patches or time (Figure 4.5¢), given by:

*( —1
P(N*) = P(z) (deZ( )> (4.27)

for N* > 0. The probability that N* =0 is 1 — ¢, where ¢ is the diversity.

4.4.2 Transition to complete extinction and meta-stability
Continuous transition

When demographic fluctuations are sufficiently strong, decreasing the diffusion constant leads to
a continuous phase transition from an active phase in which some species are able to self-sustain
to an inactive phase in which they are all extinct. The critical value of the diffusion constant is
the same that would be obtained in the absence of interactions, where the system directly maps
to directed percolation, or in the case of constant interactions [79] (see Figure 4.2 and Appendix
A.5.1). This is to be expected: upon approaching the transition, the abundances tend to zero,
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Figure 4.6: The average abundance h = (V) and the diversity ¢ = 6((N)) as a function of
D across a discontinuous (a, c¢) or continuous (b, d) transition. In (a) the arrows indicate the
direction of the hysteresis cycle: decreasing D (starting from high values) the ecosystem would
follow the finite solution until the discontinuous transition, where the abundances jump to
zero. If we now increase D, it would follow the zero solution until this becomes unstable at
Dy(T). Gray dashed lines indicate the value of D at which a single species would go (continu-
ously) extinct. Note that we have divided D by the critical value of the diffusion constant for
Directed Percolation Dy(T') in all plots, to emphasize the effect of interactions on the already
known case. Because Dy(T") vanishes exponentially for 77 — 0 (App. A.5.1), the metastabil-
ity region has a vanishing width in this limit and the system is always in the survival phase.
uw=10=0.5.
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and therefore the interactions, which have a quadratic dependence on the abundances, become
irrelevant. The critical exponents indeed match the ones falling in the Directed Percolation
universality class; in particular, the abundance goes to zero linearly (Figure 4.6b). Interestingly,
approaching the transition the diversity does not go to zero and instead tends to a finite value
(Figure 4.6d). This indicates that the average abundance goes to zero not because more and
more species are going extinct, but because all surviving species are simultaneously decreasing
their abundances. This homogenization in the behavior of species is yet another consequence of
the irrelevance of the interactions, the only trait distinguishing one species from another in our
model.

Discontinuous transition

At smaller demographic noise this picture changes drastically and interactions play a major role.
The ecosystem is able to self-sustain at values of the diffusion constant for which in the absence of
interactions it would be in the inactive phase. Further lowering D we encounter a discontinuous
transition at which all species abruptly go extinct, i.e. species abundances suddenly jump to
zero (Figures 4.6a and 4.6¢). Before the discontinuous transition, there is an extended region in
which the ecosystem is meta-stable (in grey in Figure 4.7): in this regime, the system reaches an
equilibrium with high or low abundances depending on the initial conditions. As a consequence,
it exhibits hysteresis (Figure 4.6a): if we slowly decrease the diffusion constant starting from
D > Dy, the system will abruptly jump from finite to zero average abundance at the transition,
and then remain in this degraded state even upon a subsequent increase of the diffusion constant.
Indeed, only when we exit the metastability region the extinction state becomes unstable, and
adding a small external immigration the system can go back to the diverse state. The phase
diagram of the system is represented in Figure 4.7.
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Figure 4.7: The phase diagram for constant interactions across patches (p = 1). The continu-
ous line indicates the continuous transition, and the dotted and dashed lines are the limits of
the metastability region, highlighted in grey. At the two limits of the metastability region one
of the two solutions disappears and we have a discontinuous transition. The arrows indicate
the parameters range in Figure 4.6.
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Figure 4.8: Left: Analytical estimate of the mean of the reduced interaction matrix using Eq.
(4.28) for T' = 0.4. Right: Numerical results for the distribution of the interaction coefficients
for all and surviving species. T' = 0.18, D/Dy = 0.8. In both cases in the initial species pool
w=1, c = 0.5; if all species go extinct we say u' = 0.
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Figure 4.9: Thermal averaged interaction term, Int = (3°; a;;N;), averaged over non extinct
species (indicated by an overline with a * superscript), for two temperatures corresponding to
the discontinuous regime. Left: analytical results for T = 0.4, p = 1 (as in Figures 4.6 a-c).
Int™ is negative in the metastability region, it jumps to zero when all species go extinct at
the discontinuous transition. Right: Distribution of the thermal averaged interaction terms in
a numerical simulation in the metastability region (7" = 0.18, D/Dy(T) = 0.8, S = 200, L =
400, tmer = 500, averaged over 2 runs). Non extinct species are highlighted in orange, only
species with negative (or close to zero) interaction terms manage to survive. Averaging only
over non extinct species (orange dotted line) leads to a significantly lower (more mutualistic)
value than averaging over all species (blu dotted line). =1, 0 =0.5
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Emergence of mutualistic interactions

It was recently shown that a metacommunity subject to demographic noise and constant mutu-
alistic interactions exhibits a similar discontinuous phase transition [206]. The authors of [206]
also performed numerical simulations with random (patch-independent) interactions, showing
that the surviving species have more mutualistic interactions than the total species pool. We
find that a similar mechanism is at play in our case: it is an emergent phenomenon due to
ecological dynamics which is present even though interactions are not on average mutualistic (in
fact they are competitive, ;1 = 1). Because of the symmetry in the interaction network, species
that interact more competitively are more negatively affected by the interactions with the rest
of the ecosystem, and will hence be more easily driven to extinction. This leads to a decrease
of the mean of the interaction matrix restricted to surviving species.

Following reference [136], we can compute the statistics of the reduced interaction matrix at
zero temperature as:

21 de oh oy
S L Y S e CO L 4.2
p = op 5 dc du PN o (4.28)

Since we have a finite demographic noise, in our case this formula is only an approximation,
but it provides an useful estimate of the variation of the mean interaction. We find that the
interaction mean decreases (more mutualistic) when decreasing the diffusion coefficient (Figure
4.8a); it is negative in the entire metastability region. In Figure 4.8b we show the distribution of
the interaction coefficients considering all species or only surviving ones in numerical simulations.
The distribution of the interaction coeflicients is slightly shifted to more negative values, and
indeed the average changes from 0.96 to -0.28.

Another quantity of interest is the average interaction term for non-extinct species, Tnt =
> aij<Nj)+ (the * indicates that the average is carried out only over non-extinct species,
(N;) > 0), which we find to be negative in the entire metastability region (Fig. 4.9a). In order
for a species to survive in conditions in which without interactions it would go extinct, we need
the interaction term (that appears summed to the carrying capacity with a negative sign) to give
on average a negative contribution. We indeed find numerically that only species with negative
interaction terms manage to survive (Fig. 4.9b), thus leading to an enhancement of mutualism
between surviving species.

To compute the average interaction term we can again use the cavity method and imagine
to add a species (with index 0) to the community. With similar arguments to those employed
in the DMFT derivation we obtain at stationarity:

Inty = <Z agiNJ') = ph +0,/CFz — yo? (Rzlm + Ré"t) (No) - (4.29)
J

We can now average it over all species (all values of z, indicated by an overline), or over only
non extinct ones (z < z*, indicated by an overline with * superscript).

T = ph—~0® (R + Ry ) h (4.30)
/o e %2 /2 , -\ h
7+ do € 11 1

Note that we will always find "< I; T is negative in the entire metastability region (Figure
4.9a in the main text). This is also confirmed by numerical simulations: the average interaction
term is 0.13 considering all species, and -0.46 considering only non extinct ones (Figure 4.9b).

In the case of independent interaction matrices, all species survive, so that the interaction
matrix is not modified.
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Figure 4.10: The phase diagram for independent interactions across patches (p = 0). The
continuous line indicates the continuous transition, the dotted and dashed lines the limits of
the metastability region, highlighted in grey. At the two limits of the metastability region one
of the two solutions disappears and we have a discontinuous transition. =1, 0 = 0.5

4.5 Assessing the generality of the scenario

To confirm the generality of our results, we now consider different variations of the model studied
in the previous section. The aim is to show that our results hold in a broader setting. We shall
be particularly interested in considering the case of a large but finite number of species, a large
but finite number of patches, a small but finite asymmetry of interactions, as well as generic
values of p.

4.5.1 Independent interaction matrices

As explained in Section 4.3.4, our analytical treatment can be generalized to arbitrary values of
the spatial heterogeneity p. However, the numerical solution of the self-consistent equations is
more challenging for intermediate values of p, because two distinct averages over the disorder
need to be performed. We therefore obtained analytically the phase diagram only for the extreme
values p = 1 and p = 0. Since the qualitative behavior is the same, we conjecture the same holds
also for intermediate values of p. This is also confirmed by numerical simulations (see Figure
4.13).

The phase diagram in the case of independent (p = 0) interactions across patches is shown
in Figure 4.10 (to be compared to the one of Figure 4.7 corresponding to constant (p = 1)
interactions across patches). For p = 0 it is quite clear that the metastability region extends
above Do(T) in some range of temperature. In the part of the metastability region above Dy(T")
the two metastable solutions are both finite: one is of order one and the other proportional to
the distance from Dy(T"); the two solutions coalesce at the tip of the metastability region. This
is actually also true for p = 1, but in such a small parameter range that it is very hard to access
numerically. In both cases, the upper limit of the metastability region is bounded from below
by the critical value of the diffusion constant in the absence of interactions, Dy(T).
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Chapter 4: Interactions and disorder rescuing ecological diversity

4.5.2 Finite number of species and finite number of patches

The case of finite number of species and finite number of patches could also in principle be
studied analytically, but they would require very involved analysis. We therefore turn to direct
numerical simulations of the Generalized Lotka-Volterra equation (4.1) and show that the results
agree with and extend the theory presented in the previous section. The details on the numerical
scheme implemented for the simulation can be found in Appendix A.7. These simulations are
challenging as we are interested in considering both a large number of species and a large number
of patches.

Some of the challenges become clear examining the time evolution of the average abundances
(Figs. 4.11). At high temperature (top) the average abundance fluctuates significantly even with
large number of species and patches (S = 200, L = 400); finite size effects on L lead to an excess
of extinctions. At lower temperature (bottom) the dynamics strongly slows down, and at ¢ = 200
some of the abundances (depending on the value fo D) have not yet reached their asymptotic
value, leading to a smoothing of the discontinuous transition.
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Figure 4.11: Time evolution of the average abundance for two different temperatures and two
average values of the initial conditions. Note the different time ranges in the top and bottom
figures: at high temperature the abundances have converged to their asymptotic values at
tmaz = 200, at lower temperature it is necessary to wait much longer (¢4, = 500). S = 200,
L =400, u =1, 0 =0.5.

Generically, for moderate system sizes (S < 100 and L < 100) we find strong fluctuations
due to the quenched disorder in the interaction matrix, and quantitative finite size effects com-
pared to the asymptotic S, L — oo solution, in particular for p = 1 (for p = 0 each patch is
characterized by an independent realization of the interaction matrix, thus leading to a faster
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Figure 4.12: Time evolution of the average abundance without heterogeneity in the interaction
network (o = 0) at 7" = 0.18 and two average values of the initial conditions. For D < Dy(T)
the abundances converge to 0. S = 200, L = 400, u = 1.
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Figure 4.13: Average abundance (V) as a function of the diffusion constant D for T = 0.18
and T = 0.8 at the end of the runs plotted in Figure 4.11. Green and red dots indicate the ini-
tial conditions of order 1 and of order 0.1. The dashed line indicates the analytical prediction
for the critical value of the diffusion constant for the continuous transition. y = 1, ¢ = 0.5,

S =200, L = 400, tymee = 500 (left) and 200 (right).
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(self-averaging) convergence of the system to its disorder average). For larger values of S and
L, eg S =200, L =400, fluctuations and finite size effects are limited and one finds results
that are in both qualitative and quantitative agreement with the analytical solution.

In figure 4.13 we show the behavior of the average abundance as a function of the diffusion
constant for two different values of the temperature, starting from two different initial condi-
tions. In order to probe the existence of hysteresis, and therefore a discontinuous transition and
metastability, we numerically simulate systems with different initial conditions. For the green
curves, the initial abundances were uniformly sampled between 0 and 1, for the red curves be-
tween 0 and 0.1. The former should therefore be more prone to evolve toward the self-sustained
solution, if it exists, whereas the latter to the “all-extinct” solution.

We find that indeed at higher temperatures, T'= 0.8, in agreement with the analytics and the
phase diagram in Figure 4.7, the final abundances vary continuously when varying the diffusion
constant, and they converge to the same value, no matter the initial condition. The value of D at
which the final abundances significantly depart from zero quantitatively matches the analytical
result for the critical value of the diffusion constant at the continuous transition.

Instead, at T' = 0.18 the final abundances show a strong dependence on the initial condition
in an extended interval of diffusion strengths; for a given initial condition the final abundance
exhibits a very abrupt change. The discontinuous transition takes place slightly before the
analytical prediction. Besides finite size effects, we note that this phenomenon is to be expected
for this kind of transition. In fact, when the red curve (low initial condition) jumps to high
abundance, this does not necessarily indicate that the W = 0 solution has become locally
unstable, but rather that its basin of attraction has shrunk and does not include the considered
initial condition anymore. It is therefore to be expected that this occurs for D < Do(T). A
similar phenomenon takes place for spinodal transition in physics.

Interestingly, the dynamics strongly slows down in this regime, in particular for the decay of
the abundances from large initial conditions. In fact, this process occurs via the rare extinctions
of species that are asymptotically not able to self-sustain but can persist for very long times,
especially in this regime in which demographic fluctuations are weak. The dynamics is not as
slow without the heterogeneity in the interaction network (Figure 4.12) The strong dependence
on the initial conditions cannot be explained just by the slowdown of the dynamics because the
abundances with different initial conditions evolve in opposite directions (see Figure 4.11).

The heterogeneity in the interaction network is essential to allow the ecosystem to self-sustain
below the single DP critical point: indeed if we consider the same parameters but take o = 0
all species go extinct below Dy(T'), and there is no strong dependence on the initial conditions
(Figure 4.12).

4.5.3 Asymmetric interactions and partial correlation between patches

We are now interested in focusing on cases in which the interactions between species are not fully
symmetric, and the interaction matrices are partially correlated between patches, i.e. 0 < p < 1.

One can analytically show that the phase diagrams remains qualitatively unchanged consid-
ering a small asymmetry in the interactions (y = 1 — ¢, € < 1), see Appendix A.4. Thus, our
results should qualitatively hold also for a finite, at least not too large, asymmetry.

To confirm this finding and study intermediate values of p (besides p = 0 and 1 considered
analytically) we performed simulations with spatial heterogeneity p = 0.9 and asymmetry in the
interactions v = 0.9, and as before for L = 400, S = 200. Also in this case at T' = 0.8 we find
a continuous transition and no strong dependence on the initial conditions, while at 7" = 0.18
we find a discontinuous transition and a hysteresis region (Figure 4.15) . Although the curves

At T = 0.18 the dynamics is so slow (especially close to the tipping points) that at tmas = 500 some of
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Figure 4.14: Time evolution of the average abundance with partial correlation between
patches (p = 0.9) and non symmetric interactions (y = 0.9) at 7' = 0.18 and two average
values of the initial conditions. At ¢t = 500 the abundances have not yet reached their asymp-
totic value, leading to an apparent smoothing of the discontinuous transition. Nevertheless
this is ensured by the abrupt change of behaviour of the evolution of the average abundance:
for one value of the diffusion constant at long times the abundance is decaying to 0, whereas
for the next it shows a (slow) increase. We conclude that the asymptotic values would likewise
show an abrupt change. S = 200, L =400, u =1, 0 = 0.5.
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Figure 4.15: Average abundance (N) as a function of the diffusion constant D for T = 0.18
and T = 0.8 with some spatial heterogeneity (p = 0.9) and some asymmetry in the interac-
tions (v = 0.9). Green and red lines indicate the initial conditions of order 1 and of order 0.1,
lighter dots show the average abundance at intermediate times (50% and 75% of tyqz). 1 =1,
o =0.5,5 =200, L =400, tyqe; = 500 (left) and 200 (right).
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quantitatively change with respect to their v = p = 1 counterparts, as expected, the results and
in particular the existence of a discontinuous transition do remain qualitatively unaltered.

In conclusion, combining all these numerical tests, we conclude that the scenario obtained
from the analytical solution is robust and holds broadly. We will come back to this point in the
conclusion to suggest other extensions and tests.

4.6 Precursor of the instability toward extinction
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Figure 4.16: Average abundance and its response to a perturbation of the carrying capacity k
at T'= 0.153 for p = 0 approaching the instability of the self-sustained phase. =1, o0 = 0.5.

In the previous section, we have shown that dispersal can rescue complex and large ecosys-
tems from extinction due to demographic noise. Depending on the strength of the demographic
noise, the transition from the self-sustained to the extinct phase can be either continuous or dis-
continuous. The latter takes place for low demographic noise and low dispersal. In this regime,
we have found that the transition is accompanied by a metastable regime and hysteresis. Such
transition is what is called in ecology, in environmental and social sciences a tipping point or
regime-shift [202,213] and in physics a spinodal. Tipping points are often catastrophic events,
as the abrupt rapid shifts almost always lead to negative consequences and a less favorable state
of the system. Our case is no exception, as the system’s transition is from a self-sustained state
with high diversity to one in which all species are extinct. As done for several other tipping
points [214,215], it is therefore important to find early signs or precursors that can allow one
to detect the closeness of the system to the tipping point before the catastrophic shift actually
takes place.

In our case, following intuition that comes from the physics of spinodal points, we focus on
responses to perturbations as probe of closeness to the tipping point. Indeed the divergence
of response functions is a generic feature of saddle node bifurcations [214]. Let us consider a
generic dynamical system, described by

dz

- =F(@k). (4.32)

the abundances have not yet converged to their asymptotic values. This leads to an apparent smoothing of the
discontinuous transition, whose existence is nevertheless ensured by the abrupt change of behavior of the evolution
of the abundance (see Figure 4.14), analogous to the one observed for p =1, v = 1.
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Z contains all the degrees of freedom of the system, whereas k is a control parameter. The zeros
of F yield the stationary states x*:

F(z* k) =0. (4.33)

The stationary point is stable if the Jacobian of F' has only negative eigenvalues, ensuring that
x returns to z* upon small perturbations. In a saddle node bifurcation, a stable and an unstable
stationary point collide and annihilate each other. Since the Jacobian at the stable stationary
point has only negative eigenvalues whereas the one at the unstable stationary point has at least
a positive eigenvalue, one of the eigenvalues has to cross zero at the bifurcation. The existence
of a zero mode leads to a diverging response to perturbation.

In Appendix A.6, we show how this mechanism is at play in our case when approaching the
tipping point of the self-sustained phase. We study the response of the system to a perturbation
in the environmental conditions in the case of independent interaction coefficients (p = 0).
We will consider for concreteness a perturbation to the carrying capacity k, but we expect
the same qualitative behavior for perturbations to the diffusion constant, the moments of the
interactions, or the strength of the demographic fluctuations. Such response, which can be
measured in controlled lab experiments, does diverge approaching the discontinuous transition,
see Figure 4.16 for the p = 0 case. A similar behavior is expected for generic values of p. This
probe can therefore be used as an early warning signal of the proximity to the tipping point of
the self-sustained phase. In natural ecosystems, where measuring responses to perturbation can
be challenging, one could instead monitor the long-term fluctuations of average abundance due
to environmental noise affecting the carrying capacity on a long time. This would be a proxy
for the response proposed above. It is important to focus on long-times since the processes at
play are slow: at low temperature, extinctions are due to rare fluctuations of the demographic
noise, as discussed at the end of Section 4.2.1.

4.7 Conclusions

We uncovered a rich phase diagram for many-species Lotka-Volterra metacommunities subject
to heterogeneous symmetric interactions, demographic noise and diffusion. If the demographic
fluctuations are too strong they drive all species to extinctions, but when the diffusion constant
is large enough these extinctions can be compensated by recolonizations from neighboring sites,
and the ecosystem is able to self-sustain at finite abundance and diversity. The system exhibits
a phase transition between an extinction and a survival phase. The transition can be either
continuous or discontinuous, depending on whether the behaviour of the system is dominated
by the demographic fluctuations or the heterogeneous interaction network.

When the demographic fluctuations are strong the transition is continuous and interactions
play a secondary role. In fact, the transition is completely analogous to what one would have
in the absence of the interactions (even the critical value of the diffusion constant coincides).
This is because when the abundances tend to zero the interactions become sub-dominant and
the system falls in the standard Directed Percolation universality class.

The situation is drastically different at lower demographic noise. In this case the transition
becomes discontinuous and the system exhibits novel features, that are a signature of the com-
plexity of the ecosystem and the major role played by the interactions. There is an extended
range of parameters in which without interactions, i.e. for single species, the system would be
driven to extinction but the metacommunity is instead able to self-sustain at finite abundances.
This is possible because strongly competing species are eliminated from the community, while
surviving species cooperate to self-sustain in such harsh conditions. Lowering the diffusion con-
stant, the ecosystem reaches a tipping point at which all surviving species go extinct; close
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to this point the ecosystem is subject to collapses upon small perturbations and its dynamics
exhibits hysteresis. We therefore find that mutualism naturally emerges from a (on average)
competitive pool of species when conditions become harsher. This has a double effect: it allows
the ecosystem to survive in conditions in which all species in isolation would go extinct, but it
also makes it fragile to perturbations. In this regime, it is not possible to predict the vicinity of
the catastrophic shift of the ecosystem by looking at the average abundance. As early warning
sign, we propose to monitor the response of the system to perturbations. We have shown that
this is a suitable probe, as it diverges approaching the discontinuous transition.

We confirm and complement our analytical approach with numerical simulations, which show
that our results are quite robust to modifications of the model, in particular to the introduction
of a small asymmetry in the interactions, to various degrees of correlation of the interaction
network between different spatial locations, and for system with a finite number of species and
patches.

There are several directions worth future investigations. We focused on a fully connected
spatial system, which provides a mean-field analysis for generic spatial lattices. On the other
hand, our DMFT treatment of the interactions is directly generalizable to any other spatial
network, including finite dimensional ones. It would be very interesting to study cases in which
the patches are located in finite dimensional lattice or on random structures. In particular,
it would be interesting to find out (1) whether the discontinuous transition is also present in
this case or finite dimensional fluctuations destroy the metastable region, and (2) whether the
continuous transition can still be described in terms of directed percolation or interactions,
although secondary, can alter its universality class. It would also be worth analysing stronger
asymmetries in the interactions, e.g. lowering the value of v. We expect that a significant positive
correlation between reciprocal interactions is needed to induce metastability. This ensures that
species that interact more competitively are also more negatively affected by the interactions
with the rest of the ecosystem and hence go extinct, thus leading to mutualism for the surviving
species.

Finally, species rich LV model with heterogeneous and strong interactions display multiple
equilibria and chaotic dynamics [10-12,65]. The possibility of different patches to converge
to different stationary states could strongly modify the behaviour of the system; in particular
allowing the system to experience higher values of the global diversity, possibly violating May’s
bound [106].
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Non-reciprocal interactions
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Chapter 5

Non-equilibrium dynamics: from
slow relaxation to non-reciprocity

In this chapter, I review the literature on two different classes of non-equilibrium systems: aging
systems and systems driven out of equilibrium by the presence of non-reciprocal interactions.
In Section 5.1 I recapitulate some properties of equilibrium systems. This allows me to
better define two distinct reasons why a system can be out of equilibrium: either its dynamics
is reversible, but it has not yet relaxed to equilibrium, or its dynamics is irreversible, and
no equilibrium distribution exists. Aging systems, introduced in Section 5.2, fall in the first
category: their dynamics is reversible, but their relaxation is so slow that in the thermodynamic
limit they do not manage to reach equilibrium on any finite timescale. Over the past 60 years,
an extensive body of literature on aging and glasses has been developed. Here, I will only focus
on topics that are directly relevant to the following chapters. In Section 5.3, I introduce a
paradigmatic example of systems with an irreversible dynamics: system that are driven out of
equilibrium by the presence of non-reciprocal interactions. In Section 5.4 I discuss what happens
when combining two kinds of non-equilibrium dynamics: slow relaxation and non-conservative
forcing. The non-reciprocal coupling of aging systems will be the subject of Chapters 6 and 7.

5.1 Equilibrium

Equilibrium statistical physics provides a framework for understanding the large-scale properties
of systems composed of many interacting degrees of freedom. While thermodynamics studies the
relations between macroscopic observables, statistical physics provides a framework to connect
the microscopic dynamics of the constituents of the system to its large-scale properties. This
is achieved by considering a statistical ensemble of systems, describing the probability of being
in any of the microscopic states. At equilibrium, statistical properties do not depend on time,
so that observables can be computed by averaging over a static probability distribution. The
distribution only depends on conserved quantities, such as the energy, as it can be justified
through the ergodic hypothesis or maximum entropy arguments. This allows one to easily
compute it, up to a multiplicative normalization factor.

5.1.1 Time reversal and detailed balance

The hallmark of equilibrium systems is their invariance under time translation and time reversal.
Time translational invariance implies that the system should be in a stationary state, in which
its probability distribution Py is independent of time. Let us indicate with x all the (potentially
many) degrees of freedom of our system, and consider a trajectory x(t) between times tg and t;.
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At equilibrium the probability to observe a given trajectory should be equal to the probability to
observe the time-reversed one. We can separate two contributions: Py (z(to)) is the probability
that the system is in z(tg) at the initial time, and P[z(t)|z(to)] is the probability that, given the
initial condition, it follows the trajectory x(¢). With this notation, we can express reversibility
under time reversal as:

Pt (x(t0) )Pl (t)]x(to)] = Pst(x(ty))Pler(t)|z(tf)] (5.1)

where zr(t) = x(tf—t) is the time-reversed trajectory, which starts from x(t). This condition is
known as detailed balance; it should hold for every possible trajectory. If the system is described
by a stochastic differential equation, the probability of a given trajectory can be computed
with a path integral formalism such as the Martin-Siggia-Rose-De Dominicis-Janssen (MSRDJ)
action [175-178]. The verification of Equation (5.1) via the MSRDJ formalism was already used
in Part I of this thesis (see Sections 3.5.1, 4.3.3 and Appendix A.1) to prove equilibrium for an
ecosystem with symmetric interactions subjected to demographic noise.

Detailed balance implies that the flux of probability from any configuration x; to any other
To is perfectly balanced by the one from xo to z1, so that there are no probability currents in
the system. This condition is more stringent than the minimal requirement for a stationary
distribution, known as global balance, which only demands that the total incoming and outgoing
probability fluxes for each configuration be balanced. Indeed in a stationary state probability
currents can be present, as long as their divergence is equal to zero.

We will say that a dynamics is reversible [216] if it exists a function of the state of the system
H(z) such that:

Wilz1 = @] (H(as)—H (@) T
Wz — @o] _ . . 2
e , (5.2)

where W{z; — z;] is the probability rate to go from x; to z;. In physical systems H(x) is the
energy. Equation (5.2) corresponds to requiring detailed balance with respect to the Boltzmann
measure:

Py(z) oc e H@/T (5.3)

which indeed turns out to be the equilibrium distribution associated with such a dynamics.
Note, however, that (5.2) can be satisfied even if the system is not in the stationary state. If
the system is ergodic, it will converge to the Boltzmann distribution, but this could take a long
time.

We can now better precise the statement we made in the introduction on the two reasons
why a system might be out of equilibrium: either its dynamics is irreversible or the system does
not manage to reach its stationary distribution. Of course, both things could also happen, and
we will be particularly interested precisely in this case.

5.1.2 Equilibrium properties

Stationarity and time reversal symmetry allow one to demonstrate a number of other properties.
By definition of stationarity, at equilibrium one time observables must be constant, and two times
ones can only depend on the time difference. This holds for example for the correlation function:

(z(t)z(t)) = C(t -1t (5.4)
and for the response:
x| _
IR |, =R(t—-1). (5.5)



5.2. Aging

We have indicated with angular brackets the average over the stochastic dynamics; h(t) is a
small field that modifies the Hamiltonian as H(z) + h(t)x.

From time-reversal symmetry we can show that the response and correlation functions are
also constrained by the Fluctuation-Dissipation Theorem (FDT):

1dO(t -t

R(t—t) T a7

ot —t) . (5.6)

5.2 Aging

In this section we will consider systems which, despite undergoing a reversible dynamics, do not
reach equilibrium. Let us imagine to prepare our system at time ¢ = 0 in a random configuration;
this corresponds to equilibrating it at infinite temperature. If the system is ergodic and we
let it evolve under a finite temperature reversible dynamics, it relaxes exponentially to the
equilibrium distribution. The relaxation time is finite in a finite system, but it could diverge
in the thermodynamic limit. If this is the case, a system with many degrees of freedom could
remain out of equilibrium on any reasonable timescale. Time translational invariance is violated:
the dynamics of the system explicitly depends on its age, which is the waiting time since its
preparation t,,. We call this behavior aging [160-163,217]. This effect is visible for example in
the correlation function, which explicitly depends on t,,. In the cases that we will consider in
this thesis, the correlation function exhibits a plateau that becomes longer and longer as time
goes on: the system needs increasingly more time to decorrelate. The length of the plateau
defines an effective timescale of the dynamics, which is a function of the age of the system. If
we wait an infinite time, the system remembers forever its configuration:

Altiinoo tiiinoo C(tw + At ty) =qea >0 . (5.7)
qr4 is called the Edwards-Anderson order parameter [218,219]. However, for any finite waiting
time, the system will eventually manage to decorrelate’:

tiiinoo Altigloo Ctw + At ty,) =0 . (5.8)
This situation is called weak ergodicity breaking [138, 160, 222-224]. The system eventually
forgets what happened at any finite time (“weak long-term memory” [160]); this allows one to
obtain an asymptotic solution for the slow component of the dynamics. At long times, aging
only modifies the timescale of the dynamics: the asymptotic behavior of the correlation function
becomes self-similar upon a rescaling of time. The fluctuation-dissipation theorem is violated;
however the response and correlation functions remain linked by an FDT-like relation, albeit
with an effective temperature that differs from that of the bath [225].

5.2.1 Physical systems and beyond
To give a qualitative understanding of why a system might fail to equilibrate, we now present
three paradigmatic cases: structural glasses, spin-glasses and coarsening systems.

Structural glasses

Glass is an amorphous solid, formed by rapid cooling (quenching) of suitable melt materials,
such as silica. Even though glassmaking dates back several thousands of years, the nature of
glass is still not fully understood.

!This is not true in spin-glass models that exhibit strong ergodicity breaking [220,221]. The study of such
systems is beyond the scope of this thesis.
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Chapter 5: Non-equilibrium dynamics: from slow relaxation to non-reciprocity

The main difference between a liquid and a solid is that a liquid flows, whereas a solid does
not. In a liquid, particles are free to move. Let us imagine to record the positions of all particles
at an initial time ¢; and to compare to the ones at a later time ¢o. If t; and to are sufficiently
separated, more than a certain relaxation time 7, most particles will have moved, and the two
configurations will be very weakly correlated. If we lower the temperature, the relaxation time
generically increases; this is also associated with an increase in viscosity.

If we cool our liquid very slowly, at the melting temperature it undergoes a first order phase
transition to a solid crystal phase. Below the melting point, the liquid is still an equilibrium
state, but becomes metastable with respect to the crystal. If we cool fast enough [226], the
system doesn’t have time to nucleate crystals and remains in the liquid phase, exhibiting no
order in its structure. A liquid below its melting temperature is called supercooled. Further
lowering the temperature (with a non-linear cooling rate that allows the liquid to relax, but
avoiding the nucleation of crystals), we encounter a sharp increase in the relaxation time of the
supercooled liquid. This can be truly dramatic, spanning up to 14 orders of magnitude, until on
any reasonable experimental time-scale the supercooled liquid cannot relax anymore. When the
super liquid falls out of equilibrium it becomes a glass. The glass transition is conventionally
defined as the temperature at which the relaxation time reaches 100 seconds. Whether there is
a true thermodynamic phase transition at some lower temperature at which the relaxation time
diverges is still an open question [7].

Because a glass is a supercooled liquid that has fallen out of equilibrium, it doesn’t exhibit
any long-range order. Unlike a liquid, nevertheless, it does not flow on any reasonable timescale,
and its mechanical properties resemble those of a solid. This dramatic shift in physical properties
from a liquid to a glass, upon minimal structural changes, is also still a puzzle.

Right before the glass transition, the dynamical correlation function of the system develops
a characteristic plateau [227]. The relaxation of any particle occurs in two steps: at short times
it vibrates inside a “cage” formed by its neighbors, and after some time it manages to escape
and diffuses freely. We can then interpret the sharp increase in relaxation time as an indication
that escaping the cage becomes increasingly difficult when lowering the temperature. Relaxation
actually actually occurs through collective events: after vibrating around fixed position for some
time, many particles suddenly rearrange into a new configuration. This can take a long time,
either because they have to find a rare path from one favorable configuration to another, or
because they have to climb an energy barrier to rearrange.

Because many degrees of freedom are strongly correlated in glasses, it is sometimes useful
to think of the system in its (high-dimensional) configuration space. The dynamics of our
many-body system can then be seen as the evolution of a single particle in a complex and high-
dimensional landscape. This allows for example to better visualize the collective rearrangement
events as barrier-crossings (or valley explorations) in a high-dimensional space.

Once the supercooled liquid falls out of equilibrium, it performs aging: physical properties,
such as the susceptibility, explicitly depend on the time elapsed since the quench [228,229].

Spin-glasses

Spin glasses are magnetic alloys in which the random position of impurities generates interac-
tions between spins that have random sign and intensity [230]. This randomness gives rise to
frustration. In a ferromagnet there are two states (the ground states) in which all interaction
energies are minimized. In a spin-glass, instead, no such configurations exist: some of the spins
will always be “unhappy” (see Figure 5.5a). This leads to a complex free-energy landscape, with
many minima and saddles. Below a critical temperature, spin-glasses fail to equilibrate, and
exhibit extremely slow relaxation. This can be experimentally verified by studying the decay
of magnetization after a field change [231-233]. The system is quenched from a temperature
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above the critical point to one below it, in the presence of a small field. After a time t,, from the
quench, the field is switched off. The magnetization exhibits a two-step relaxation. The second
decay strongly depends on the waiting time: different curves approximately collapse if plotted
as a function of ¢/t,,. More complex temperature protocols reveal other interesting effects, such
as rejuvenation and memory, which offer additional insights in the hierarchical organization of
the free-energy landscape [234,235].

A number of models have been developed to understand the behavior of spin-glasses. They
generally include random interactions between pairs, or groups, of spins. Spins can be of Ising
type or continuous. The most realistic models embed the spins in a finite-dimensional space, and
only allow for short-range interactions. However, important insights can be gained by studying
fully-connected models, in which all spins interact with each other. These simplified models still
exhibit a very rich phenomenology, and they enable analytical solutions via the replica and cavity
methods. One of their main drawbacks is that they cannot describe barrier-crossings, because
in a fully-connected system energy barriers are extensive, and therefore in the thermodynamic
limit their crossing rate goes to zero.

Coarsening after a phase transition

Another case in which aging is observed, somewhat simpler than the previous ones, is when
a system undergoes a second-order phase transition from a disordered phase to one in which
some symmetry is spontaneously broken [139,236]. Let us consider for example a 3-dimensional
ferromagnetic Ising system that is quenched from a very high temperature to a temperature
below the critical point. Immediately, the system starts to evolve towards the equilibrium
configuration, in which it will exhibit a macroscopic magnetization of a randomly chosen sign.
Because in the initial condition the magnetization is zero, both positive and negative domains
will form and coarsen. Their growth is due to the surface tension of the interface between
domains with opposite magnetization, which generates effective forces that are proportional to
the curvature of the interface. As time progresses, domains grow increasingly larger, and the
associated forces become weaker: the system undergoes aging. If the system is infinite, it never
manages to choose between positive and negative magnetization, and is forever divided in ever-
growing opposite domains. In contrast, in a finite system, once the typical size of the domains
becomes larger than the system size, one of the two magnetizations will be selected.

Beyond physical systems

Aging is not limited to classical physical systems. Optimization or constraint satisfaction prob-
lems can be solved by defining a “cost” function, and searching for its minima. This is equivalent
to looking for the ground state of and energy landscape, and indeed many algorithms implement
dynamics inspired by physical ones [237]. These problems can undergo a transition from an
“easy” to a “hard” phase, in which the solution cannot be found in polynomial time. This com-
putational hardness is related to the slow relaxation in glassy systems [238]. The minimization of
a very complex and high dimensional loss function is also at the basis of many machine learning
algorithms [239-243]. A better understanding of aging phenomena could thus have numerous
concrete applications in computational problems and machine learning.

Physical aging also arises in biological systems. Dramatic slowdowns of the dynamics are
observed experimentally in motile cells tissues [244—246], and in models and numerical simula-
tions of dense active particles [246-250]. As we described in Part I, aging is also found in diverse
ecological systems [7,12,133,142,251], and it arises in models of neural networks [252-257] and
of cell’s metabolic and genetic networks [258]. Note that the dynamics of these systems is not
necessarily reversible. We will later come back to the question of how to interpret aging in the
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absence of an energy landscape.

5.2.2 Self-generated disorder and mode coupling theory

Spin-glasses and structural glasses have many intriguing similarities: they become very “stiff”
despite exhibiting no long-range order, and they undergo slow relaxation and aging. An im-
portant difference is that, unlike structural glasses, spin-glasses are described by Hamiltonians
with quenched disorder. Nevertheless, in structural glasses, because of the lack of order in the
configuration, each particle sees a different — and in some measure random — potential, so that
the disorder is in some sense self-generated by the system. A formal link between the two is pro-
vided by Mode Coupling Theory (MCT). MCT was developed as an approximate quantitative
description of supercooled liquids. It provides some self-consistent equations on the dynamical
correlation functions of the density fluctuations of the supercooled liquid. These were found to be
formally equivalent to those obtained in a class of mean-field spin-glass models, the p-spin [259]
(see Section 7.3).

5.2.3 Energy barriers and flat directions

The slowdown of relaxation can be due to two different mechanisms: either the system has to
overcome growing (free) energy barriers, or it becomes progressively harder to find decreasing
directions in the energy landscape, because they are increasingly rare and flat [138]. Both
mechanisms could be at play in finite dimensional systems.

Let us consider a particle undergoing Langevin dynamics at finite temperature in a complex
energy landscape. If the landscape has many local minima, the particle could end up trapped
in one of them for some time. To escape, it would then have to wait for a random fluctuation
of the thermal noise to push it outside of the basin of attraction of the local minima. Such a
process is called thermal activation and at low temperature it has an exponentially small rate
given by Arrhenius law:

W o 2B (5.9)

AFE is the energy barrier that the particle has to overcome, i.e. the difference between the
energy at the minimum and the energy at the closest saddle point. If descending the landscape
the particle encounters deeper and deeper minima, and has to climb higher and higher energy
barriers, this can lead to a slowdown of its dynamics: the system undergoes aging.

Energy Energy

TU[UT]] -

(a) (b)

Figure 5.1: Sketches of the energy landscape and transition rates in Bouchaud’s trap model
(a) and in the case considered by Barrat and Mézard in [260] (b).

This effect can be studied in the simplified setting of Bouchaud’s trap model [222,261]. Let
us consider a particle moving in a landscape full of “traps”, i.e. of low-laying local equilibria
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from which the particle can only escape by thermal activation (see the sketch in Figure 5.1a).
Each trap has a random energy depth AE extracted from a distribution p(AFE); the escape rate
from the trap is proportional to e"2#/T. Once the particle escapes the trap, it immediately
falls into another one, with energy depth AE’ extracted again from p. If the energies are
exponentially distributed, there is a sharp phase transition: at high temperature the system
equilibrates, whereas at low temperature it undergoes aging. In the low temperature phase, the
particle explores increasingly deep traps, leading to a slowdown of the dynamics as the escape
rate continuously decreases.

Aging can nevertheless also occur in systems that have no energy barriers at all [138,260,262].
In [260], Barrat and Mézard consider again a model with random energy levels, but with a
different dynamics (see the sketch in Figure 5.1b). The particle can hop from energy E to any
lower energy E’ < E with rate proportional to 1/N, where N is the total number of states.
This corresponds to the zero temperature limit of the Glauber dynamics, which does (at finite
temperature) satisfy detailed balance with respect to the Boltzmann distribution. As times goes
on, the dynamics slows down because there are fewer and fewer states the particle can jump to.
When N goes to infinity, the particle never reaches the ground state: there are always moves
that allow it to decrease the energy, but the probability rate of finding one goes to zero.

In mean-field spin-glass models, the energy barriers are extensive, so that the escape rate
from a minimum vanishes in the thermodynamic limit. These systems therefore fall in the second
scenario: they are “trapped” by saddle points with fewer and fewer decreasing directions [160].
In this models, an additional ingredient comes into play: these rare directions through which
the system can decrease the energy become increasingly flat. This can be seen from the Hessian
of the energy around the saddle points, whose eigenvalues approach zero at long times. We will
call these states (and by extension, also the systems) marginal. In finite dimensional systems,
energy barriers are instead sub-extensive, and activated jumps play an important role. This is
believed to be the source of some of the discrepancies between mean-field and finite dimensional
models, and between mode coupling theory and supercooled liquids.

5.2.4 The spherical Sherrington-Kirkpatrick model

Some further understanding of the aging phenomenon can be gained by studying simple exactly
solvable models, such as the spherical Sherrington-Kirkpatrick model [263-268]. It consists of a
fully-connected network of continuous spins, interacting through two-body random interactions.
Despite having a relatively simple landscape with only two minima, it displays interesting dy-
namical phenomena such as aging and weak-ergodicity breaking [160]. Since this model will be
central in the next chapter, we here present it in some detail.

The model

The spherical Sherrington-Kirkpatrick spin-glass model is composed of N continuous spins with
random all-to-all symmetric interactions and a spherical constraint, imposing Zfil 5?2 = N. The
dynamics of the system is defined by the Langevin equation:

N
S = Z Jijs; —Us; +m; + hi (5.10)
j=1

in which s; is the state of the spini = 1,..., N. The quenched interaction matrix J;; is symmet-
rical; the elements of J;; are drawn from a Gaussian distribution with zero mean. Their variance
is assumed to scale with the inverse of the number of spins N, so that in the thermodynamic
limit N — oo the interaction term remains of order 1 and the energy (Eq. (5.11)) is extensive.
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By appropriately rescaling all terms, we can ensure that the variance of J;; is 1/N; thus in the
following we will assume this holds without loss of generality. Each spin is also subject to a
thermal Gaussian white noise 7; with covariance (1;(t)n;(t')) = 270;;6(t — t'), where T denotes
the temperature. h; is an external field that will be taken to zero at the end of the computation.
Finally, ¢ is a Lagrange multiplier used to enforce the spherical constraint.

Energy landscape and stationary points

Equation (5.10) can be shown to describe the thermal dynamics at temperature T' of the system
in the energy landscape

1 l
E = —5 iZjJijSiSj + 5 ;S? . (511)

The stationary points of this potential solve the eigenvalue equation

Z Jij.S’j = ESZ' . (5.12)
J

The stationary points are therefore the eigenvectors of .J, that we denote as ¥,,. At zero temper-
ature the Lagrange multiplier at the fixed point has to be equal to the corresponding eigenvalue
p. J belongs to the Gaussian Orthogonal Ensemble (GOE), and in the thermodynamic limit
N — oo its spectrum is given by the Wigner semicircle with support in [—2, 2] [269]:

p(p) = o 4 — p? for p € [-2,2] . (5.13)

We can use the basis that diagonalizes J to write the energy:

1
E = —5 Z(M—E)SZ (5.14)
m
and the Langevin dynamics:
S = (1= O)sp + 1+ hy - (5.15)

s, is the projection of the system on the eigenvector v,. Note that in this basis the different
modes are only coupled through the Lagrange multiplier. The statistics of the noise is unchanged.
Eq. (5.14) tells us that in a stationary state the Lagrange multiplier must be larger than the
maximum eigenvalue of J, £ > fimqee = 2, otherwise the system would not be bounded.

We can study the stability of the fixed point 7}, to a perturbation in the direction 7, by
looking at the Hessian of the energy:

Hyp=-p+0=—p"+pu. (5.16)

If 41 is the largest eigenvalue of J, § = £NN¥, are minima of the potential. All other fixed
points have at least one unstable direction (one for each mode with a larger eigenvalue), and are
therefore saddle points (except for the two fixed points corresponding to the lowest eigenvalue,
which are maxima). In the thermodynamic limit, the gap between the first and successive
eigenvalues goes to zero as an inverse power of N. The ground state becomes therefore marginally
stable.

The energy landscape is thus relatively simple: it exhibits only two minima, related by
inversion symmetry. For this reason the spherical SK model has been called a “ferromagnet in
disguise” [267].
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Dynamical Mean Field Theory

In the thermodynamic limit N — oo, the dynamics of the system can be analyzed by Dynamical
Mean-Field Theory (DMFT) [13,157-159], which has already been presented in Chapter 3. The
derivation by the cavity method is standard and analogous the one outlined in Section 3.2, but
we sketch it here for the convenience of the reader.

Given the noise realizations 7;(t), Eq. (5.10) deterministically defines the trajectories s;(t)
for the N spins, indexed from 1 to N. Let us now imagine adding a new spin, with index 0,
and drawing its initial conditions and interactions independently from the rest of the system.
Since the interactions with each of the other components are of order 1/4/N, its introduction
can be considered a small perturbation, and we can compute the linear response of each of the
trajectories to it, ds;(¢):

581(1&) == Z/Ot dt/Rij(t,t/)Jjoso(t,) 5 (517)

where R;;(t,t") = 55;;((:,)) is the response of spin ¢ to a perturbation applied on spin j.

The dynamics of sg will depend on the new trajectories of all other spins:

N
0=y Joj(sj + dsj) — €so +no + ho - (5.18)
=

We now want to describe the statistic of the interaction term Zévzl Joj(s; +ds;) in the limit
N — 00. Because it is the sum of many weakly correlated terms, we expect it to be Gaussian,
so that we only need to compute its first two moments. The unperturbed trajectories contribute
a colored noise }_; Jo;s; ~ &. Since the s; are by definition uncorrelated from the interactions
with spins 0, we can easily compute the statistics of &:

@) =0, (5.19)
(E@)&(t)) = NJIGE [s;(t)s; ()] = C(t,t) . (5.20)
C(t,t") is the autocorrelation function of the system.

The perturbations of the trajectories are instead correlated with the interactions with spin
0. We can use their explicit expression from Eq. (5.17):

t
> Joidsi=> Joi Y JjO/O dt'Ryj(t,)so(t') ~

. , (5.21)
~ / dt'R;j(t, t)so(t') = / dt' R(t,t")so(t') .
0 0
We have used the Central Limit Theorem to claim that the sums over spins concentrate around
their averages, and used the fact that Jo;Jj0 = %&j, where the overline indicates an average over
spins. R(t,t’) is the average response function of a spin to a perturbation of its own dynamics.
It is possible to show that the off-diagonal terms give subleading contributions [66].
Substituting the results in the dynamics for sy we obtain:

¢
$0 = —lso+mno+ho+ &+ /0 dt'R(t,t)so(t') - (5.22)

It is now crucial to note that spin 0 is statistically identical to all others, and that when N
is large the systems composed of N or N + 1 spins are equivalent. Therefore the response and
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correlation functions that define the effective dynamics of spin 0 can be computed as averages
over the effective single spin dynamics:
9(s(t))

C(t,t') = (s(t)s(t)), R(t,t') = o) (5.23)

The resulting equations do not depend on the index, so we have dropped the index 0 here and
in the following. The angular brackets indicate an average over 7, ¢ and the initial conditions
of the effective process. Because the effective process depends on the average response and
correlation functions through the statistics of £ and the last term of equation (5.22), C' and
R must be computed self-consistently: the correlation and response functions measured on the
effective process must match the ones used to define the process itself. This procedure can be
shown to be exact in the thermodynamic limit N — oo [167].

Spin-glass phase transition

At sufficiently high temperature, the system reaches a time translational invariant state, in
which two times observables only depend on the difference between the two times, and the
Lagrange multiplier ¢ is constant. In this regime, the DMFT equations greatly simplify in
Fourier transform:

(—iw+/f — Rw))s(w) =&(w) +n(w) + h(w) . (5.24)
Differentiating both sides with respect to h(w) we obtain:
(—iw+ ¢ — R(w))R(w)=1. (5.25)
We can solve this equation as a function of the still unknown Lagrange multiplier ¢:

C—iw— /(£ —iw)? — 4
5 :

R(w) = (5.26)
We have excluded one of the two solutions, because the response function has to decay to 0 for
w — 00. Since the problem is linear, s(w) = R(w)(&(w) + n(w)). This allows us to compute the
correlation functions:

0w +w)C(w) = (s(w)s(w)) = Rw){({(w) +n(w))(§(w') + n(w))) R(w') = (5.27)
= §(w + )| R(wW)[*(C(w) + 2T) . ‘
We can solve this self-consistent equation on C":
Ow) = IR%w)2!2—1 . (5.28)
The spherical constraint imposes that
Clt=0) = % / dC(w) = 1. (5.29)

This equation determines the Lagrange multiplier ¢, on which C' depends through R. In practice,
it is easier to fix a given value of £ and find which temperature it corresponds to, through the
relation

1 2
Tl = 7/ ——— :
o dw’Rg(w)‘_Q — (5.30)
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Figure 5.2: Lagrange multiplier ¢ a a function of temperature 7. The shaded region sketches
(not in scale) the eigenvalues density of J, from Eq. (5.13). When T" — 1, ¢ touches the edge
of the spectrum.
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Figure 5.3: Response (left) and correlation (right) functions in the time-translational invariant
phase (T' = 1.5) and at the critical point (7' = 1).

where Ry(w) is the response function for a fixed value of /. As we noted in the previous section,
at stationarity the Lagrange multiplier must be larger or equal than 2. Solving numerically
the self-consistent equations at high temperature, we find that £ monotonously decreases when
decreasing T' (Fig. 5.2).

Both response and correlation functions are peaked in w = 0 (Figure 5.3). If the system
undergoes a phase transition, we expect these peaks to become singularities. From equation
(5.28), we see that C has a divergence if |R(w)| = 1. The largest value of ¢ for which this occurs
is £ = 2, leading to:

Rw)=1—iw— Viw—w? . (5.31)

For this value of ¢, R(w) is non analytic in w = 0, since R(w) — 1 ~ y/w. This results in an
integrable divergence of C' ~ w™1/2. If this was not the case, the integral on the right side of
Eq. (5.30) would diverge for £ — 2, meaning that the critical point could only be reached for
T — 0. The matching of the singularities of R and C allows instead a finite temperature critical
point for T, = 1.

It is not a coincidence that at the critical point the Lagrange multiplier touches the edge of
the spectrum of J: this signals the fact that the mode corresponding to the leading eigenvector
of J is not damped anymore, and indeed below the transition it will acquire (asymptotically,
see later) a macroscopic weight.

In the time domain, one finds a relaxation time to equilibrium that diverges as 1//T — T,
and critical relaxation at T}, corresponding to a behavior C(t) ~ 1/t'/2,
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Aging

Since the relaxation time diverges at T, the dynamics after quenches below T, are not expected
to relax to a steady state. As we show below, indeed they do not — instead aging ensues (on
timescales that do not diverge with N). To study the aging regime we follow Ref. [265] and
consider again the dynamics in the basis that diagonalizes the interaction matrix J, Eq. (5.15):

p=(—=0)su+nu+hy . (5.32)
The different modes are now coupled only through the Lagrange multipliers, which will now be
time-dependent, since the system is not time-translationally invariant anymore. We can formally

write the solution in terms of the realization of the noise &, (t) and the (unknown) time evolution
of the Lagrange multipliers:

t / / " "
su(t) = e Jo N g () 4 / dt! =)= [y e €t . (5.33)
We consider a quench from infinite temperature, corresponding to uniform initial conditions

on the sphere, to 7' < T,. In order to find an equation for ¢(t), we compute the sum of the
squares of the spins:

<Z( > Zemt 2 [ et dt 2 +2TZ/ g 21—t )2 [ 6(r)

" (5.34)
/dup )e2ht= 2 [ a(t)dt! —I—ZTN/dup / g 2=t =2 S o(r)dr

We have neglected all terms that do not contribute when averaging over the initial conditions
or the noise, and used <si(0)> = 1. p(p) is the eigenvalue density of J, the Wigner semicircle of
Eq. (5.13). Imposing that the constrain is satisfied at all times we obtain:

tprary g t , t
/dup(u)eQﬂt_Q Jo 2T/d,up(p)/ g 2=t =2 [ erydr _ 4 (5.35)
0

This determines the value of £ at all times, and hence the solution for s, (t) is fully specified.
We can now compute the correlation function:

<ZSM )su(t > /dup p(t+t") f o(r)dr— f or
t ¢ r_ t t/ ,
+ / dup(pe) / dz / do P2t =2 = [ e(r)dr— [, e(r")dr
0 0

An asymptotic solution is available when ¢, ¢ and At =t —t' > 1 [265]:

3
21+ At/t\?
Ct' + At,t') = qpa (JFW) : (5.37)

(5.36)

2+ At/t!
qeA is a temperature-dependent constant, called the Edwards-Anderson order parameter (see

below). This correlation function, plotted in Fig. 5.4, only depends on time through the ratio
At/t', and hence it is translationally invariant in log-time.
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Figure 5.4: Asymptotic solution for the correlation function of the spherical Sherrington-
Kirkpatrick model at long times in the aging regime.

Asymptotic behavior

When ¢t — oo at fixed but large N, the system equilibrates to one of the two states (related
by inversion symmetry) with a macroscopic overlap with the leading eigenvector of J, denoted
as vy, (in replica language, this reflects a simple replica symmetric spin-glass phase) [265,267].
On time-scales exponentially large in N1/3 [270, 271] the system switches from one state to
the other by activated barrier hopping. The equilibrium value of the overlap of the system
with the leading eigenvector is the Edwards-Anderson order parameter gg 4 that appears in the
asymptotic correlation function of Eq. (5.37). It depends linearly on temperature, as

T
=1-—=". 5.38
qEA T, ( )
At T = 0 it is equal to 1, indicating that the system perfectly aligns with the leading eigenvector
of J, whereas it tends to 0 at the transition.

5.3 Non reciprocity

Newton’s third law, also known as action-reaction principle, states that the forces that two
bodies apply on each other must have same intensity but opposite signs [272]. This constraint
comes from the fact that these forces are assumed to derive from a common potential energy,
and implies that momentum is conserved in the system. As we explained in the introduction,
this principle can be violated when we give coarse-grained descriptions of a system: integrat-
ing out some degrees of freedom can lead to an apparent non-conservation of the momentum.
Consider for example two bacteria that swim in a medium and regulate each other’s motil-
ity by releasing and sensing chemicals. Their interactions can be described as effective forces,
but, since they exchange momentum with the medium, these forces will generically violate the
action-reaction principle [273,274]. This is even more evident in systems where the connec-
tion to physical dynamics is less direct, as in the case of neural networks, ecosystems, opinion
dynamics or economic models. In all these cases, effective forces will generically violate the
action-reaction principle, exhibiting what we will call non-symmetric or non-reciprocal interac-
tions. Non-reciprocal interactions also arise in open quantum systems, where they are referred
to as non-hermitian [275-277].

Non-reciprocal interactions generate a variety of fascinating phenomena that would be for-
bidden at equilibrium, such as persistent oscillatory or chaotic states in dissipative systems [13,
252,257,273,278-292], “non-reciprocal phase transitions” with distinctive signatures [291-301],
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odd elasticity and odd viscosity [302,303], and long-range order in 2-dimensional systems with
continuous symmetries [284].

These phenomena have been studied at length in the case in which the units interacting
non-reciprocally are “simple”, meaning that they do not have a complex internal dynamics. In
the following we will be interested instead in the non-reciprocal coupling of compler agents.
Examples include neural networks with incompatible goals, or bipartite networks of predators
and preys.

5.3.1 Frustration

l —

/ \ - .
T r..1

(a) Geometric frustration (b) Non-reciprocal frustration

Figure 5.5: Sketch of two spin systems with (a) geometric and (b) non-reciprocal frustration.
Double-headed arrows indicate reciprocal interactions, single-headed ones one-way interac-
tions. Red indicates anti-aligning interactions, green aligning ones. Unsatisfied interactions are
dashed.

Non-reciprocal interactions often derive from agents having incompatible objectives. Let us
consider two soft spins s%, labeled by a = 1,2. s!' wants to align with s2, whereas s?> wants
to antialign with s' (see the sketch in Figure 5.5b). We can model such a system through the
following coupled differential equations:

{él = -VV(s!) + as? (5.39)

2 =-VV(s?) —as!

V' is a double well single spin potential, « is the strength of the non-reciprocal coupling. It is not
possible to write these evolution equations as a gradient descent in a common energy landscape.
However, it is possible to define a “selfish energy” for each of the two spins individually [291]:

Ei(s', %) = V(s!) — as's? (5.40)
Ey(st,s%) = V(s?) + as's? (5.41)

so that the dynamics of each spin can be written as a gradient descent in its own selfish energy.
The fact that it is not possible to define an energy for the entire system is an illustration of
the incompatibility of the goals of the two spins. This is sometimes referred to as frustration.
In this context this has a different meaning than in the case of spin-glasses, to avoid confusion
we will call them non-reciprocal frustration and geometrical frustration [293] (see Figure 5.5).
Non-reciprocal frustration derives from two agents having incompatible goals: there is no con-
figuration that satisfies both of them. To have geometrical frustration we need to have at least
three spins. Each interaction link can be satisfied individually (and we can write a global en-
ergy), but it is not possible to satisfy all of them at the same time. There is nevertheless a deep
analogy between the two kinds of frustration, since both give rise to marginal and degenerated

88



5.3. Non reciprocity

states: in Figure 5.5a flipping one of the bottom spins leads to a state with the same energy; an
“equivalent” state (we cannot define an energy) can be found by flipping any of the two spins in
5.5b. These degeneracies can be lifted by noise, generating in both cases an order-by-disorder
phenomenon [293].

5.3.2 Two simple agents

We will now review what happens when non-reciprocally coupling two simple agents. We will
consider systems with a spherical constraint, since this will be relevant for the next chapter.

Two 2-dimensional systems

Let us consider two XY spins, i.e. two-dimensional unit vectors, with components s, where a
indexes the spin and 7 the component. The two spins are coupled non-reciprocally and antag-
onistically: spin 1 wants to align with spin 2 with coupling strength a; > 0, whereas spin 2
wants to anti-align with spin 1 with coupling strength ao > 0. This setting is described by the
following dynamical equation:

: 5.42
§2 = —025? + n? — ags) (5.42)

{311 = —0's! +n! +as?
.7, %
The spherical constraints, enforced by the Lagrange multipliers /¢, are independently imposed
on the two spins, (s¢)? + (s4)? = 1. n¢ is a thermal noise of temperature T'.

If the interactions are anti-symmetric, a«; = a9 = «, at zero temperature the two spins
rotate indefinitely at constant angular velocity, with direction of motion and angular separation

completely determined by initial conditions. We can express the positions in polar coordinates

51 sin ¢,

§% = = . (5.43)
55 cOS ¢gq

Projecting the dynamics on the direction orthogonal to each vector, we find that the polar angles
¢q satisfy

ba = —(—1°5§ + eqpars?) sy + (—°55 + eqpasy)st (5.44)

0 1
where € = is the fully anti-symmetric Levi-Civita symbol. Expressing the components

-1 0

in polar coordinates we obtain:

(;51 = (Z)Q = —« sin(¢1 - (252) . (545)
The two spins rotate at the same constant velocity a:sin(¢1 —¢2), which is maximum and equal to
« if they have a phase separation of 7/2. The velocity is 0 if the two spins are perfectly aligned or
antialigned. Since the angular velocity only depends on the angular separation between the two
spins, which does not change during the dynamics, it is solely determined by initial conditions.
This zero temperature chiral phase is only possible if the coupling is exactly anti-symmetrical:
otherwise the two spins would have different angular velocities, and they would reach either the
aligned (if oy > ag) or antialigned (if a1 < «g) fixed points. In the following we will always
consider anti-symmetrical coupling unless specified.
At any finite temperature, the fluctuations can stochastically exchange the positions of the
two spins, leading to a change in the direction of rotation. This means that the system is not
chiral if we observe it on a long enough timescale.
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Two N-dimensional systems

We can also consider two non-reciprocally coupled spherical many-body systems, still with no
random interactions between components, described by Eq. (5.42), where now 7 runs from 1 to
N, and a1 = ag = a. At T = 0, the two systems rotate indefinitely in the plane spanned by the
two initial conditions. If the initial conditions are randomly and independently sampled on the
sphere, they will in general be orthogonal when N — oo, and the angular velocity will be equal
to a.

At finite temperature the directions of oscillation will diffuse freely, so that the correlation
function will only exhibit damped oscillations. After a short transient, we expect the system to
reach a stationary state. The Lagrange multipliers correspond to the force that the constraints
need to apply on the systems in order to keep them on the sphere. Because of the symmetry of
the model under the transformation (s1,s2) — (—s2,s1) (and under inversion) the two systems
are completely equivalent. Whenever this equivalence is not broken, the force on the constraint
is the same in the two systems, and therefore the two Lagrange multipliers are equal, ¢! = (2 = /.
We expect this to be true as long as an extensive number of modes contribute to the dynamics,
allowing us to interpret the sum of the force over modes as an average.

Collecting the i-th component of each system in the two-dimensional vectors s;, we can
formally solve Eq. (5.42) as a function of the unknown Lagrange multiplier ¢:

t !
Si(t) = e_etRatSi(O) +/0 dtle_g(t_t )Ra(t—t’)ni(t/) . (546)
We have introduced the rotation matrix

cosat sinat
Rat = e = , (5.47)

—sinat cosat

and 7; is a two-dimensional vector containing the noises on components ¢ of the two systems.
We will see that at finite temperature £ > 0, so that at stationarity we can neglect the first
term. We can impose the spherical constraint to determine the Lagrange multiplier:

t , 2
N =3((s1)?) = Z<( / dt'e="=) (cos a(t — ¢')n} (#) + sin a(t - t’)n?a’))) ) =
i i 0 (5.48)
9T N o\ TN
S (=)

We thus obtain ¢ = T, so that now Eq. (5.46) fully determines s;(t). We can use it
to compute the 2 x 2 matrix of the correlation functions Cg, = = 3;(s?()s?(¢')). With a

computation analogous to the one just done we obtain:

t !
= 2TN / dt' e (cos? alt — ') + sin?a(t — t')) =
0

Ct,t) =e IR pr) - (5.49)

This tells us that the systems exhibit exponentially damped oscillations.
In Chapter 6, our goal will be to study what happens when the two non-reciprocally coupled
agents have a complex internal dynamics.

5.3.3 Non-reciprocal phase transitions

In other systems composed of many non-reciprocally coupled simple agents, many-body effects
can lead to a stabilization of the chiral phase in the presence of noise, and to an increased
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Figure 5.6: Phase diagram for the non reciprocal flocking model of [292] at low temperature,
reproduced from the same reference. j; and j_ indicate the symmetric and anti-symmetric
components of the interactions. The red lines correspond to lines of exceptional points.

robustness with respect to non perfect anti-symmetry of the interactions [279,280,291,292,304,
305]. Let us consider 2N XY spins, evenly divided in two species, in the thermodynamic limit
N — oo. Spins of the same species tend to align, whereas we have non-reciprocal interactions
between spins of different species. Varying the strength of the symmetric and anti-symmetric
components of the interactions, the system undergoes a finite-temperature phase transition
between a static aligned (or anti-aligned) phase in which the continuous rotational symmetry
is broken, to a time-dependent phase in which rotational symmetry is dynamically restored,
but chirality is spontaneously broken [292] (“chiral” phase in Figure 5.6). The system also
exhibits a phase in which the absolute value of the order parameter oscillates (“swap” phase),
and one in which both the absolute value and the direction depend on time (“chiral + swap”
phase). The aligned-chiral transition occurs when a damped mode coalesces with the Goldstone
mode associated with rotational symmetry. At the critical point, not only the two modes have
both zero eigenvalues, but also their eigenvectors become parallel, so that the Jacobian of the
system becomes non-diagonalizable. This spectral singularity is called exceptional point and
is characteristic of non-reciprocal phase transitions. Exceptional points also arise in contexts
ranging from optics to open quantum systems [277,306,307].

Phases analogous to the chiral and swap ones described in [292] were also reported in [294,
295]. The authors study a single O(N) model driven out of equilibrium by negative damping,
but show that it can be mapped onto a pair of overdamped O(N) models with non-reciprocal
interactions. They show that for N =1 (i.e. for the Ising model) only the swap phase exists, in
agreement with the results of [291,304], and the phase transition from disorder to oscillations
corresponds to an equilibrium XY phase transition (as also conjectured in [291,304]). Indeed
all oscillating phases have a broken SO(2) symmetry, corresponding to a phase shift of the
oscillations (time translations inside a period). For N > 1, instead, both swap and chiral phases
exist, and can be reached from the disordered one. The transition from disorder to swap is
first order for all N > 1, whereas the transition to the chiral phase is of the second order,
and described by a novel non-equilibrium universality class. By performing a Renormalization
Group analysis, the authors show that the equilibrium critical point is unstable with respect to
infinitesimal non-equilibrium perturbations.

In Ref. [278,308] it has been shown that the oscillatory dynamics often encountered in non-
reciprocal systems persists in mean-field Mattis-like models in which disorder can be gauged
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away by a change of variables [309,310].

5.4 Aging and non-conservative forces

In the next chapter we will study what happens if we couple non-reciprocally two systems that,
if isolated, would undergo aging. Since non-reciprocal interactions are a special case of non-
conservative forces, let us first review what happens if we add some generic non-conservative
forces on a single aging system. In models in which aging is due to the “trapping” in flat regions
of the phase space, it is believed that an infinitesimal non-conservative force will be sufficient to
drive the system away from marginal states, generically destroying aging.

5.4.1 The Crisanti and Sompolinsky model

This was first evidenced by Crisanti and Sompolinsky in [13]. Drawing inspiration from neural
networks, in which interactions between neurons are generically non-reciprocal, they proposed
to consider a spherical Sherrington-Kirkpatrick model in which the interaction matrix J;; is not
symmetrical. As in Eq. 5.10, the system is described by:

N
S = Z Jiij —ls; +mi + hy (5.50)
j=1

but now E[J;;J;] = v/N, so that for v # 1 J;; # Jj. This is the kind of reciprocity that
is often considered in ecological models, as we have seen in Part I. They found that even an
infinitesimal degree of asymmetry has a dramatic effect on the behavior of the system: at any
finite temperature the system reaches a time translational invariant phase, so that aging can
only occur at zero temperature.

As in the reciprocal case, the system can be analyzed with DMFT. The derivation is com-
pletely analogous, the only difference arises when treating the term coming from the perturba-
tion of the trajectories, in Eq. (5.21), because now an additional v factor appears. The DMFT
equation then becomes:

t
§=—ls+n+h+E+ 7/ dt'R(t,t")s(t') . (5.51)

At high temperature the system is again time translational invariant, so that we can as before
obtain an equation on the Fourier transform of R, that carries along the extra ~ factor:

(—iw+ ¢ —yR(w))R(w) =1. (5.52)
The equation on C' is instead unchanged:

2T

O R

(5.53)
The additional v factor in Eq. (5.52) generates a mismatch between the singularities of R and
C: when R becomes equal to one, generating a divergence of C' in w = 0, it is analytic, so that
the divergence of C' ~ 1/w will not be integrable. Because of the spherical constraint (see Eq.
(5.30)), this critical behavior can only be reached at zero temperature. At any finite temperature
the system will then be time-translationally invariant.

At zero temperature, the model does have a spin-glass phase transition: at low temperature
it exhibits critical slowing down of the dynamics, whose characteristic timescale diverges as 1/T,
and is completely frozen for 7' = 0. This freezing can be seen from the correlation function, which
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remains equal to 1 at all times. While the finite temperature behavior qualitatively extends to
non-linear systems, this zero-temperature phase transition is believed to originate from the fact
that a linear system must relax to a static limit in the absence of external sources [13]. Indeed
non-linear systems with random asymmetric interactions exhibit a non-trivial dynamics even at
zero temperature [285,311]: the system is able to decorrelate from its initial conditions even in
the absence of thermal fluctuations, which demonstrates that it must be undergoing a chaotic
dynamics. At finite temperature the dynamics combines chaoticity and thermal fluctuations.

5.4.2 Marginal and non marginal models

These results on the fate of aging when the system is explicitly driven out of equilibrium by
non conservative forces were extended to more general glassy models in Refs. [312-319]. In the
case of the p-spin (see Section 7.3), it was shown that aging is interrupted on a time scale that
diverges as a power law of the asymmetry coefficient [315]. The connection between marginality
of the system and interruption of aging upon the introduction of non-reciprocity was confirmed
by reference [313]. They considered a p-spin initialized at an energy below the threshold, which
means that it is in a non-marginal state, and found that in this case the phenomenology is
unchanged. Reference [316] studied a p-spin model (for both p = 2 and p > 2) under an
oscillating driving force applied on a random direction. They found that aging is maintained
below a finite frequency-dependent amplitude of the forcing; the correlation function exhibits
small oscillations superimposed to the slow aging behavior. This is not in contradiction with
the picture that aging is destroyed whenever the marginal modes of the system are perturbed
by a non-conservative force, since a generic random direction in the p-spin is not marginal.

These results were believed to be relevant also for supercooled liquid under shear, thanks to
the link provided by the Mode Coupling Approximation [315]. This was confirmed by molecular
dynamics simulations in reference [314], which showed that in a sheared supercooled liquid below
the glass transition temperature, aging is interrupted on a timescale proportional to the inverse
of the shear rate. This is not true if the non-conservative force acts locally on each particle, as
it is the case in active matter. Indeed aging has been observed in models and experiments of
dense active particles [244-250, 320]

In non marginal models, a finite amount of non-reciprocity is generally needed to destroy
aging behavior [321,322].
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Chapter 6

Non reciprocal spin-glass transition
and aging

In this chapter, we couple non-reciprocally two spin-glass models and investigate whether they
still exhibit aging. The introduction summarizes key concepts from the previous chapter to en-
sure that this chapter can be read independently. Materials from this chapter have already been
presented in reference [2], and will be discussed in greater detail in a forthcoming publication [3].

6.1 Introduction

Disordered systems — i.e. systems composed of many randomly interacting units — can exhibit
aging: they can fail to equilibrate [217,323,324], and their dynamics then becomes slower and
slower in time [138-140], explicitly depending on the age of the system. In systems whose
dynamics can be described as the minimization of an energy, this is usually attributed to the
complezity of the energy landscape: when interactions between components are heterogeneous
and frustrated — i.e. no configuration can minimize all interaction energies — the landscape can
exhibit many saddle points, where the curvature is small and the system is trapped for long
times. As shown in [160], aging can be induced by flat directions in the energy landscape: as
time goes on, the system approaches saddle points with increasingly scarce and flat unstable
modes, therefore the typical relaxation time scale of a sample increases with the time elapsed
since its preparation. This slowdown of the dynamics has been observed in physical systems
ranging from disordered magnets to dense liquids and active matter [138-140,325]. In order to
investigate the properties of this out-of-equilibrium aging dynamics, several spin-glass models
have been introduced. Spin-glasses are spin systems with disordered and frustrated interactions,
that exhibit a transition between a high temperature disordered phase and a low temperature
aging — or glassy — phase.

Aging can also arise in many-body systems whose basic constituents are not classical physical
objects such as spins or simple particles. Biologically-inspired examples include active matter
[244-250, 326, 327], ecological systems [7, 12,133,142, 251], neural networks [241-243, 252-257]
and cell’s metabolic and genetic networks [258]. The coarse-grained dynamics of these many-
body systems can be described with the tools of statistical physics, but they do not have to obey
many of the constraints imposed on classical physical systems. In particular, they are often found
to exhibit non-reciprocal interactions between constituents, thereby violating detailed balance.
Consider, for example, predator-prey relationships in ecology: the presence of the prey enhances
the growth of the predator, whereas the predator inhibits the growth of the prey, so that the
two species have opposite effects on each other. Non-reciprocal interactions have been studied
in a variety of contexts where they generate a rich phenomenology ranging from oscillatory
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states and traveling waves [278-284,291,292] to chaotic states [13,252, 273, 285-287] and non-
equilibrium phase transitions [291-300]. Crucially, the dynamics of systems with non-reciprocal
interactions can in general not be described as the minimization of a potential energy. Whether
such systems can exhibit aging, and how to interpret such a dynamics when no potential energy
can be defined, is an open question that goes beyond the rich literature developed in the last
decades on glassy systems [7,105].

Since the slowdown of the dynamics relies on the trapping of the system in very flat regions
of the landscape, it is believed that the introduction of non-conservative forces, which would
drive the system away from these flat regions, will generically destroy aging [13,315]. Pioneering
studies by Crisanti and Sompolinsky (CS) [13] considered a spherical Sherrington-Kirkpatrick
(SK) model [263-267] to which they added random all-to-all non-reciprocal interactions between
spins. They showed that non-reciprocity suppresses the finite temperature spin-glass transition
and, hence, also aging dynamics. Instead, chaotic dynamics is observed. These results were
extended to more general glassy models in Refs. [311-319]. The emerging picture is that any
amount of non-reciprocity then tends to destroy glassiness in marginally stable models'.

Here we demonstrate that the aforementioned conclusions crucially depend on the structure
of the system. Instead of coupling non-reciprocally many simple components, we consider the
non-reciprocal coupling of two macroscopic agents with a complex internal dynamics, modeled
by a spin-glass. This scenario could be relevant for many biological system, since non-reciprocal
interactions often appear at a high organizational level. Examples include predators and preys,
adversarial neural networks or robots, etc. The combination of a deterministic macroscopic
structure and fine-grained disorder is also relevant for ecological systems, in particular when
species can be organized in a small number of “functional groups” [130, 131].

Specifically, we consider a bipartite many-body spin-glass system with random symmetric
interactions in each part, and fixed antisymmetric interactions between the two parts. We
find that in this system, the finite temperature spin-glass transition is not destroyed by the
introduction of non-reciprocity, but simply dressed by oscillations. Below the transition the
system oscillates on a finite timescale that only depends on the non-reciprocity strength, but
a long time-scale also emerges, determining the coherence time of the oscillations. As in the
reciprocal case, this long time-scale is proportional to the time elapsed since preparation. We
dub this behavior “non-reciprocal aging”. The mechanism underpinning the destabilization of
the usual spin glass in favor of the non-reciprocal one is a spectral singularity called exceptional
point.

We contrast these results with the case of random non-reciprocity, where aging is suppressed
at any finite temperature, and propose that the two cases correspond to two broader classes of
systems, with “microscopic” versus “macroscopic” non-reciprocity, with aging surviving only in
the second case. We also consider several extensions of our model, to probe which features of the
model are essential to obtain the non-reciprocal spin-glass phase. We find that non-reciprocal
aging is also present if the two systems only interact through the respective magnetizations,
whereas no true finite-temperature transition occurs if the two spin-glasses are not identical.
We describe the rich phenomenology that arises in both cases.

6.2 Non-reciprocally coupled spherical SK models

The system we will focus on combines features of several models described in Chapter 5. While
Crisanti and Sompolinsky (see Section 5.4.1) studied a random network in which each microscop-
ical component can interact non-reciprocally with all the others, we are interested in a situation

'In discrete models, a finite amount of non-reciprocity is instead generally needed to destroy aging behavior
[321,322].
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Figure 6.1: Sketch of the non-reciprocal spin-glass model: two (N-dimensional, in the plot
N = 3) spherical spin systems, corresponding degrees of freedom are coupled non-reciprocally.
The sphere’s colors sketch the identical random potential in the two systems.

in which two complex units, each composed of many randomly interacting components, interact
in a non-reciprocal way at the macroscopic level.

We consider two spherical Sherrington-Kirkpatrick (SK) spin-glass systems, each composed
of N continuous spins. The dynamics of a single spherical SK model in described in Section
5.2.4. The two systems represent two distinct species, denoted by 1 and 2, with random all-to-all
symmetric interactions within the same species plus a non-reciprocal (i.e. asymmetric) deter-
ministic coupling between the two species. Their dynamics is defined by the coupled Langevin
equations:

5t = >, Jijsjl — st +as? +n +h!
22 2 _ 2.2 1 2 2 (6.1)
in which s{ is the state of the spin i = 1,..., N in the system a = 1, 2. The quenched interaction

matrix J;; is symmetrical and assumed to be the same in both systems (we will relax this assump-
tion in Section 6.7.2). As before, the elements of J;; are drawn from a Gaussian distribution with
zero mean and variance 1/N. The spins s; and s? in each system are coupled anti-symmetrically,
with a coupling strength o > 0: system 1 wants to align with system 2, whereas system 2 wants
to anti-align with system 1. See Figure 6.1 for a graphical sketch. Each spin is also subject
to a thermal Gaussian white noise n¢ with covariance <ng(t)n§?(t’ )) = 2T640:i0(t — t'), where
T denotes the temperature. h{ is an external field that will be taken to zero at the end of
the computation. Finally, £* are two Lagrange multiplier used to independently enforce the
spherical constraint in the two systems, % Zij\il(sf)Q = 1. This model can be interpreted as
describing the dynamics of two identical agents that are antagonistically coupled and whose
internal complexity is modeled by spin-glass dynamics.

In the following, we analyze the effect of non-reciprocity on the steady-state dynamics by
progressively decreasing the temperature.

6.2.1 Dynamical Mean Field Theory

In the thermodynamic limit N — oo, the dynamics of the system can again be analyzed by
Dynamical Mean-Field Theory (DMFT) [13,157-159]. The derivation is analogous to the one
in Section 5.2.4, we report its adaptation to our bipartite model in Appendix B.1. The main
difference is that we will now add a spin to each of the two systems, and we will study their
coupled dynamics. As a result, we will have to consider not only the response and correlation
function of each system separately, but also the cross-response and cross-correlation. It will be
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convenient to organize them in 2 x 2 matrices:

Rap(t,t') = ‘i;;:gl))) , (6.2)
Cap(t, ') = (s“(t)s"()) . (6.3)

We can then write the DMFT equation in vectorial form as:

t
5= —As+aes+n+E+ / dt'R(t,)s(t') + h | (6.4)
0

where s = [s!,5?]7 is a two-dimensional vector that contains the two spins, A = diag(¢!, £?)

is the diagonal matrix of the Lagrange multipliers. The noise vector £ is Gaussian with zero
mean and variance (£,(t)&(t')) = Cup(t, t'). In addition to the terms already found in the single
system case (Sec. 5.2.4), the two components are coupled by a term proportional to «, in which

0 1
€ = (_1 0 is the fully anti-symmetric Levi-Civita symbol. As in the previous cases, the

average correlation and response matrices have to be determined self-consistently.

6.3 Non-reciprocal spin-glass transition
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Figure 6.2: Auto- (left, Cy = C1; = Ca2) and cross- (right, C, = C12 = —Ca) correlation
functions for different values of the initial time ¢, from numerical simulations of the equations
(6.1), at T =1.4. a =1, N = 20000, averaged over 5 runs.

At sufficiently high temperature, as in the case of a single system, we expect a time trans-
lational invariant state, in which two times observables only depend on the times difference. In
order to verify this, we performed numerical simulations by direct integrations of Eq. (6.1) by
Euler—-Maruyama method. The spherical constraints are imposed by normalizing each spherical
system after each time step: s¢ = §¢/ <% 21(5?)2)7 where 57 is the value obtained integrating
the equations without taking into account the spherical constraint. This introduces an error of
order dt, which does not change the precision of the method. If needed, the Lagrange multi-
pliers can be computed as the force that would be needed to keep the systems on the sphere:
ta= 4 (& 607 -1).

As expected, at high temperature after a short transient the auto-correlation function of the
system C(t' + 7, ') for different values of the initial time ¢’ only depends on the time difference
7 (Fig. 6.2), signaling that indeed the system is time translationally invariant.

Since the model is still symmetric under the transformation (s1,s2) — (—s2,s1) and under
inversion, the two Lagrange multipliers are equal, ¢! = ¢> = ¢. Thanks to time-translational-
invariance, we can conveniently Fourier transform the DMFT equations:

((miw+0)1l—-—R—ae)s=&+n+h. (6.5)
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Differentiating both sides with respect to h we obtain:
(miw+0)1l—R—ae)R=1. (6.6)

If we knew the Lagrange multiplier ¢, this equation would determine R. Because of the
aforementioned symmetry under the transformation s; — —ss, s — s1, R has the form

Ry R,
R= (_]_f;a Rd>' (6.7)

All matrices of this form are diagonalized in the basis

vt = \2 (?) . (6.8)

This leads to a simple expressions of the eigenvalues of R:
Ry =Ri+ 1R, , R_=R;— iR, . (6.9)
We can write the self-consistent equation on R in its eigenbasis:
l—ilwta)—Ry)RL =1, (6.10)

and easily solve it:

Rizﬁ—i(wia)—\/(;—i(wia))Q—él' (6.11)

These equations are the same that would be found in the single system case (Eq. (5.25) and
(5.26)), except for a shift of £a in w.

As before, we can use the linearity of the the problem to claim that s(w) = R(w)(&(w)+n(w))
and compute the correlation functions:

= R(w)((¢(w) + 77( ))( (w/) + n(w’))T RW)" = (6.12)

This gives us the self-consistent equation on C:

RIC(RHY T —C=2T. (6.13)

_ Cd Ca
e (G %) o
This means that it is diagonalized in the same basis v* as R, which ensures that C' and R
commute. We then obtain:

As R, also C is of the form

C(w)(R(w)TRw))™t —1) =27 . (6.15)
If (R(w)'R(w))~! — 1 is invertible,

C(w) = 2T((R(w) R(w))t = 1)~ . (6.16)
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Figure 6.3: Real and imaginary parts of the response (left) and correlation (right) functions,
in the original basis at 7' = 1.5 (top) and at 7" = T, (center), and in the diagonalizing basis at
T = T.(bottom). w = « indicated in gray.
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Using again the diagonalizing basis, we have:

2T

S T

(6.17)

This is again the same equation as in the single system case, Eq. (5.28). Because the w
dependence is only through R., also C't behave in the same way as in the single system case
except for the £+« shift in w.

The spherical constraint imposes that

Calt = 0) = % / dwCla(w) = 1. (6.18)

Since C, is an odd function of w, it does not contribute to the integrals:

/ dwCly — / dw(Cy +iCl) = / dwCi () . (6.19)

Because the non-reciprocal coupling only introduces a shift in the w dependence of C, it does
not change the integral either, which will then be the same as in the single system case (Sec.
5.2.4), that we can indicate with Cp—(w):

Cult = 0) = ;ﬂ/dwci _ 217r/dw(]ao _1. (6.20)

The equation imposed by the spherical constraint determines the Lagrange multiplier ¢, which
will therefore be at all temperatures the same as in the single system case, following the same
curve as in Figure 5.2. This leads to the same critical point T, = 1, where £ — 2 and touches
the edge of the spectrum of J.

For T > T, response and correlation functions are peaked around w = +a (Fig. 6.3, top).
This is the frequency at which the system would exhibit regular oscillations in the absence of
disordered interactions (Sec. 5.3.2). Strikingly, in their presence, the disordered system does
not exhibit macroscopic oscillations but responds more strongly if excited at this frequency.
These peaks become singularities when 7" — T, = 1 (Figure 6.3): the one of R(w) approaches
a finite limit with a square root behavior, whereas the one of C(w) diverges as (w + )~ /2. In
the time domain, one finds a relaxation time to the non-equilibrium steady state that diverges
as 1/v/T — T, and critical relaxation at 7., corresponding to a behavior C(t) ~ cos(at)/t'/2.
The transition shares crucial similarities to the transition to an ordinary spin glass phase that is
found in the reciprocal single system case (Sec. 5.2.4) except for the superposition of oscillations
that shift the singularity of correlation and response functions from w = 0 to w = +a.

Note again the crucial matching of the singularities of R and C for £ = 2 for obtaining a
critical point at finite temperature. For ¢ = 2 the eigenvalues of R behave around w = Fa as
Ry —1 ~ /JuE al. The corresponding eigenvalues of C' therefore behave as 2T |w + a|~1/2,
leading to integrable singularities. If this was not the case (as in the case of Crisanti and
Sompolinsky, Sec. 5.4.1 and [13]), the integral in equation (6.20) would be diverging at criticality,
implying that criticality can only be reached at 0 temperature.

The analysis of the steady state dynamics therefore reveals a first important result: adding
non-reciprocal interactions to the spherical spin-glass model does lead to a dynamical phase
transition, which generalizes the spin-glass transition found in the symmetric case. This is in
contrast with what is found for all-to-all non-reciprocal interactions a la CS, which instead wipe
out the finite temperature transition (Sec. 5.4.1 and [13]). We will now show that the different
form of non-reciprocity also leads to a very different physical behavior for the non-equilibrium
dynamics.
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Figure 6.4: Analytical (a) and numerical (b) results for the diagonal component of the correla-
tion function, normalized by the Edward-Anderson order parameter, for different values of the
waiting time. The numerical results are obtained from simulations of the dynamical equations
(6.1) with 7" = 0.3 (so that gga = 0.7). Note that the time axis is in log-scale to better vi-
sualize the slow aging evolution, leading to an apparent acceleration of the oscillations, which
are instead of constant period in linear time. The analytical prediction for the envelop of the
oscillations is shown in black for ¢ = 2%. The asymptotic solution for the correlation function
does not describe the initial relaxation (on a timescale of order 1) from Cy(#',t') = 1 to oscilla-
tions of amplitude gga. o = 1.

6.4 Non-reciprocal aging

As in the single system case (Sec. 5.2.4), after quenches below T, we do not expect the dynamics
to relax to a steady state. To verify whether aging survives in this case, we again analyze the
dynamics in the basis that diagonalizes the interaction matrix J. This leads to:

Su=(pl—A+ae)s, +n,, (6.21)

in which the eigenvalues p of J are used to label the two-dimensional vectors s# composed of the
projections of s' and s2 on the corresponding eigenvector. 7y is also a two-dimensional vector
containing both components of the noise.

In this basis different modes are only coupled through the (now time-dependent) Lagrange
multipliers. We can formally write the solution in terms of the realization of the noise 7, (t) and
the (unknown) time evolution of the Lagrange multipliers:

t / / t / t 1" 1"
su(t) = o(nltac)t— [0 A(t)dt 5,,(0) +/0 gt i) (t=t)) = [, A(t")dt n(t') . (6.22)

On time scales that do not diverge with N, an extensive number of modes will contribute
to the dynamics of the Lagrange multipliers. As before, and because of the randomness in the
initial conditions, we then expect them to be equal at all times, £!(¢) = £2(t) = £(t). This greatly
simplifies the analysis, because now A and ¢ commute and we can separate their exponentials:

t ’ ! t ! t 17 17
s, (t) = "o (R s (0) + /0 dt (=)= J "t Rerytu(t') - (6.23)

t in at
We have introduced the rotation matrix Ry = e® = CO.Sa sLa . Note that this
—sinat cosat

rotation matrix acts on the 2-dimensional space of the projection of the two systems on a given
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6.4. Non-reciprocal aging

mode, and it describes the out-of-phase oscillation of each mode of the two systems. The vector
s, rotates at constant angular velocity «, while its radius undergoes a slow aging evolution akin
to the one found in the absence of non-reciprocity.
o .. ) . ind,(0
We can express the initial conditions in polar coordinates: s*(0) = r,(0) ((s;)r; 9“ ((OD We
o

consider uniform initial conditions on the two spheres, which corresponds to taking uniform and
independent 6,,(0).

In order to find an equation for ¢(t), we impose the spherical constraint on system 1:

(S0P = 5 Y A2l 2 )

p p

t , t
+2ry° / dt' 22 [ M7 (002 0t ) fsin2a(t — ) = (6.24)
0
w

N g4 t ’
— ];[/dﬂp(u)ezut? fot Z(t )dt T‘i(O) + 2TN/de(N)/ dt/eQ/,,L(tft )72 f:, f(T)dT - N .
0

As expected, we would have obtained the same result using system 2, self-consistently con-
firming that ¢'(t) = (2(t) = £(t). We have neglected all terms that do not contribute when

averaging over the initial conditions or the noise, and used (r7(0)) = ((s,,(0))?) +((s%(0))?) = 2.

p(w) is the eigenvalue density of J from Eq. (5.13). Imposing that the constrain is satisfied at
all times we obtain:

! / t !
/dup<u)e2ut72fgé(t ' | QT/dW(M)/ dt/g?,u(tft)fZ‘f:, Urydr _ 4 (6.25)
0

This is the same equation on the Lagrange multiplier that would be obtained in the uncoupled
case [265], therefore we can use the known result for the spherical constraint. We can now
compute the correlation function:

C’(t,t’) = <Z Su(t)su(t/)T> =
_ (/d,up(u)e“(tﬂl)_f; Z(T)d’?’—foi/ K(T’)d’r’+ (626)

t ’ ” t t ’ /
+ 2T / d,up(,u) /0 dtl/eu(t—‘rt —2t )—ft,, Z(T)dr—ft,, L(r")dT )Ra(t—t’) ]

The factor in parentheses is precisely the expression that we have derived for the correlation
function in the uncoupled case Ch—¢(t,t’') in Equation (5.36). Therefore we find:

C(t,t") = Ca=o(t, ") Rap—v) - (6.27)

The self-correlation functions, C7; and Cao, plotted in Figure 6.4a for different values of the
initial time ¢', read in the asymptotic regime ¢, > 1, At =t —t/ > 1:

3
2+/1 4+ At/t'\ 2 i
C(t,t') = gia < V1+ At/ ) ( cosaAt  sin aAt) ? (6.28)

24+ At/t —sinaAt  cos aAt
where gga = 1— T% is the non-reciprocal counterpart of the Edwards-Anderson order parameter

or self-overlap [219, 265,267, 328]. This form is in very good agreement with the simulation
results (Figure 6.4b).
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In summary, the correlation function after a quench displays regular oscillations at the same
frequency that would be obtained in the absence of the disordered potential. The envelope of
these oscillations performs a slow aging evolution — with a dependence on At/t', which remark-
ably turns out to be the same as in the single system case (Sec. 5.2.4) [265,267]. This means
that the oscillations have a coherence time that increases linearly with the time elapsed since
the preparation of the system in random conditions. We refer to the emergence of this long
timescale, which coexists with the order 1 timescale set by the non reciprocity, as non-reciprocal
aging. Notably, aging survives for all values of the non-reciprocity «, contrarily to previously
studied cases in which aging is interrupted above some critical value of the driving [316,321,322].
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%W 0.0 %W 0.0
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Figure 6.5: Projection on the two leading eigenvectors of the interaction matrix J of the tra-
jectories (green and red) of the two systems for 7" = 0 (left) and " = 0.3 (right). Random
initial conditions, a = 0.2, N = 20000. The black circle represents the spherical constraint
(szo)2 + (szl)2 < N: at T = 0 this constraint is saturated at long times, whereas at finite tem-
perature it is not, because of fluctuations on all other modes having a finite total weight. The

radius of the orbit at long times is A(w = «).

6.5 Asymptotic behavior
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Figure 6.6: Numerical results for the amplitude of the Fourier component at w = « of the
projection of one of the two clones on the leading eigenvector, as a function of temperature.
The amplitude goes to zero continuously for T — T, = 1; in gray we show qga = 1 — % In
the inset, the amplitude of the Fourier transform as a function of w for T'=0.5. a = 0.2

Let us now consider the asymptotic behavior, i.e. the regime ¢t — oo at fixed but large N.
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6.5. Asymptotic behavior

By numerically integrating the equations of motion (6.1), we find that once the non-reciprocity
is switched on the situation is drastically different from the single system case described in Sec.
5.2.4. Activated barrier hopping between the two ground states (related by inversion symmetry)
is wiped out by the non-reciprocity and each of the systems oscillates on timescales of order one
between the two states. More precisely, at zero temperature each system performs a periodic
orbit in the circle spanned by the two lowest eigenvectors of J (Figure 6.5) with angular frequency
a and relative phase 7/2. At finite temperature, the Fourier transform of the projection of the
spin configuration of any of the two systems on the leading eigenvector has a delta peak in
w = o, whose amplitude A(w = «) goes to zero continuously at the transition (Figure 6.6). The
two systems perform periodic orbits with macroscopic overlap on the two lowest eigenvectors of
J (84584, o< N), and exhibit noise-driven order 1 fluctuations on all other modes. At finite N
the sense of rotation can be stochastically inverted, much like in the uncoupled case the system
can jump between the two ground states, but only on timescales that diverge with IV, so that
this is never observed in numerical simulations with N = 20000.

This oscillating phase, which we call non-reciprocal spin-glass, is the counterpart of the low-
temperature static phase found in the uncoupled case. The observable A(w = «) generalizes the
Edwards-Anderson parameter qg4 that in the uncoupled case describes the overlap of the system
with the ground state. The numerical dependence on temperature of A(w = «) indicates a phase
transition at 7, = 1, and it behaves in a quantitatively similar way to gga, A(w =a) =1 — Tlc

In the equilibrium case, there is a symmetry breaking corresponding to the choice of one of the
two pure states. In the non-reciprocal case, there is spontaneous chiral symmetry breaking: the
direction of rotation is randomly selected, and with a rotation plane that is disorder-dependent.
As a result, similarly to what was found in references [279, 308] for a related model, the oscil-
lations are not visible in the magnetization of the system, that is zero in this phase, or other
disorder-independent one-time observables. Instead, they are visible in the auto-correlation
function. In practice, to determine the plane of rotation one can perform a principal component
analysis (PCA) of the trajectory of the system.

6.5.1 Non antisymmetric coupling

We have seen in Section 5.3.2 that if each system has only two spins oscillations are only
possible at zero temperature and if the non-reciprocal interactions are exactly antisymmetrical.
In our model the oscillating phase does not have these limitations. We already mentioned the
persistence at finite temperature of the oscillations on timescales that diverge with N. This is a
many-body effect, analogous to the one discussed in Section 5.3.3 [292], and, as shown in section
5.3.2, it would not be present without the random interactions.

The non-reciprocal spin-glass phase also exists for non exactly antisymmetrical coupling.
We performed numerical simulations with two different coupling strengths oy and a9 as in Eq.
(5.42). In Fig. 6.7, we summarize the result of simulations for different values of ay and 7" at
fixed oy = 1. The colors represent the frequency of the peak of the Fourier transform of the
projection of the trajectory of one of the two systems on the leading eigenvector of J (as in the
inset of Fig. 6.6), that we refer to as wmae. If the peak A(wpqe,) < 0.05, the corresponding
point is left white. The system exhibits three different phases: (i) disordered, in white, (ii)
static spin-glass, in purple, and (iii) oscillating spin-glass. If as = a3 = 1, the peak frequency
iS Wmaz = 1 for all values of the temperature, until for 7" > 1 the system enters the disordered
phase. At T' = 0, oscillations are only possible for anti-symmetrical couplings: if ag # a3 = 1,
the peak of the Fourier transform is in w = 0, signaling a static spin-glass phase. Interestingly,
at finite temperature the oscillating spin-glass phase extends up to as ~ 0.5. Similarly to what
was reported in Ref. [292], the thermal fluctuations drive the system away from the aligned
or antialigned fixed points, continuously restarting the run-and-chase dynamics. Nevertheless
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Figure 6.7: Phase diagram of the system with non-anti-symmetrical interactions, obtained
from numerical simulations with a; = 1, N = 20000. For each value of T and aso, 5 numerical
simulations were performed and we consider their average. The colors represent the frequency
of the peak of the Fourier transform of the projection of the trajectory of one of the two sys-
tems on the leading eigenvector of J (as in the inset of Fig. 6.6). If the peak A(wmaz) < 0.05,
the corresponding point is left white (note that A(w) < 1).

the deviation from anti-symmetry can destabilize the oscillating spin glass phase, shifting the
transition to disorder to lower values of the temperature.

6.6 Stability

6.6.1 Exceptional-point mediated transition

To investigate analytically the existence of the oscillating phase described above, we now analyze
the stability of the equilibrium points at zero temperature, considering again anti-symmetrical
interactions. We write the dynamics in the basis that diagonalizes the interaction matrix J:

L

We have 4N stationary points; in each only one of the modes contributes, and we will indicate

= (n—"01)s), +as

:(u—ﬁg)si—as

2

0

b (6.29)
=0

o

TENT -

it with p*:
sil =452 = 2V NG - (6.30)

Let us consider a fixed point with positive projections on the mode p* for both systems (the other
equilibria are completely equivalent thanks to symmetries). Imposing stationarity in Eq. (6.29)
and choosing the signs in Eq. (6.30) determines the Lagrange multipliers

=t o, C=p—a. (6.31)

Note that £' # ¢? in this particular case.
To study the stability of this fixed point we can look at the linearized dynamics:

osy=su—s,, (6.32)

88, = M,5s,, , (6.33)

106



6.6. Stability

M, :(“_“*_O‘ @ ) . (6.34)
—Q w—p +a

The stability matrix M, has only one eigenvalue \, = u—p* = Ap, with only one associated in-

dependent eigenvector (1, 1)T: it is a defective matrix. This situation is known as an exceptional

point [329]. Exceptional points, where two or more eigenstates coalesce, also arise in contexts

ranging from optics to open quantum systems [277,306,307].

If ;¥ is not the maximum eigenvalue, a finite number of the stability eigenvalues A\, will be
positive, and therefore the system will depart exponentially from the fixed point. If p* is the
maximum eigenvalue, all the stability eigenvalues will be negative, except for the one associated
with mode p* which will be zero, exactly as in the uncoupled case (Sec. 5.2.4). Nevertheless,
for non-normal matrices (such as those close to or at an exceptional point), looking at the
eigenvalues of the stability matrix is not sufficient to determine the behavior of the system
around the equilibrium point [330]. To clarify this point, we can explicitly solve the linearized
equation:

eBAr (1 — ot aelhtt
08y, = 6Mt5su(0) = ( —OEeA“tt ) eAut (] +at)> ds,,(0) .

Even though at long times the behavior is controlled by the decaying exponential, at short times
we can indeed see a growth of the perturbation (note that since we are linearizing around a fixed
point, it is the initial behavior that we are interested in). Since we are interested in short times,
we can expand the exponential:

14+ (Ap—a)t at
sy ~ ( o 1+ (Ap+ a)t 9s,(0) . (6.35)
Let us take for example the perturbation ds#(0) = (1) , with e < 1. Because we are considering

a configuration in which the two systems are perfectly aligned, while system 2 would tend to
antialign with system 1, we expect that this perturbation on system 2 could destabilize the
stationary point. Indeed at short times we obtain

5st(t) = e (1 . (A‘j . a)t> . (6.36)

Therefore a perturbation on the mode p is initially amplified as long as p* —u < «, although M,
has only non-negative eigenvalues. Indeed p* — p is the energetic prize that system 2 has to pay
to move from mode p* to mode u, which needs to be compensated by its repulsion from system
1, i.e. a. In the thermodynamic limit, the gap between the first and subsequent eigenvalues
vanishes, therefore for any finite value of a there will be an extensive number of unstable modes
destabilizing the condensed phase.

This mechanism changes the nature of the low-temperature regime compared to the equi-
librium case, and it leads to the rotating non-reciprocal spin-glass phase studied here. This
exceptional-point mediated transition is reminiscent of the non-reciprocal phase transitions stud-
ied in Ref. [292]. Our results provide an extension of that mechanism to simple disordered
systems.

6.6.2 Stability of the rotating state

The most unstable mode is the one associated with the second largest eigenvalue of J, 1. As a
result, each system will start to rotate in the circle spanned by the two leading eigenvectors of
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J, vy and vy, . We can study the dynamics of the system restricted to this subspace, and then
show that this solution is stable to perturbations.
We indicate the projections on the two leading eigenvectors with s§ and s{, and group them
a .
in the two-dimensional vectors §* = (22) =N (ig;za> Projecting the dynamics on the
1 a
direction orthogonal to each vector, we obtain an equation on the polar angles ¢,:

ba = —((1o — £%)s§ + €apasg)s§ + ((p1 — £%)sT + eapers])s§ = (6.37)
— _Aé“ sin 2¢, — asin(¢y — ¢o) (6.38)

In the thermodynamic limit the first term is negligible, and the two systems rotate at constant
velocity asin(¢; — ¢2). From numerical simulations we see that the system always converges
to a rotating phase in which the two vectors are perpendicular, so that the angular speed is
maximal.

Using that thanks to the spherical constraint 4 ((s8)?+ (s¢)?) = 0 we can obtain an equation
on the Lagrange multipliers:

0= 5853 + 5957 = (o — )N — Apy (59)? + ey - 5, (6.39)
59)? 5% . 5
04 = g — A (]if) + gy N (6.40)

where Apy = p — pio is of order N—2/3 [271]. The Lagrange multipliers are thus dynamically de-
termined by the values of 3*. We can again linearize the dynamics around the (time-dependent)
rotating solution. The stability matrix for mode u # g, 1 now reads:

r_ p—10 o
M,u—< o M_€2> ) (6.41)

with eigenvalues

1 2 1 _ p2\2
Aot ;e i\/(g 25) a2 (6.42)

In the thermodynamic limit in which Ap; — 0, the two eigenvalues can only be equal if the two
systems are either aligned or antialigned, bringing the system back to the previously studied
unstable static solution. In all other cases, the stability matrix is not singular, and since again it
has only eigenvalues with positive real part (except for the two lowest modes on which the system
rotates), the system is stable with respect to perturbations outside of its rotating trajectory. The
system is instead marginal with respect to a perturbation on the two lowest modes, corresponding
to a phase shift.

6.7 Extensions

In the following we discuss several extensions of our model, to probe which features are essential
to obtain the non-reciprocal spin-glass phase.
6.7.1 Random non-reciprocity

We emphasize that our non-reciprocal coupling « introduces a unique timescale for oscillations,
in contrast with the random non-reciprocity in CS model, which leads to a continuous timescale
distribution.
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Figure 6.8: Sketch of the non-reciprocal spin-glass model in the random non-reciprocity case:
two (N-dimensional, in the plot N = 3) spherical spin systems, corresponding degrees of free-
dom are coupled anti-symmetrically, with a different random coupling for each pair (indicated
by different widths of the arrows). The sphere’s colors sketch the identical random potential
in the two systems.

In order to investigate whether the introduction of a continuous distribution of oscillations
timescales can destroy aging we modify our system to consider random independent values of

the non-reciprocal coupling «; for each pair of spins sz-l, 312. The dynamical equation becomes:

N
s8¢ = Z Jijs§ —£%si + Z ai€apst +nd 4 he . (6.43)
j=1 b
We can replicate the DMFT computation as in the previous case. The main difference is that
the response and correlation functions are now a-dependent, but only their average enters the
effective two-spin equations. We will indicate with R, and C, the a-dependent quantities, and

with R and C' their average over a. The DMFT equations read as before:
¢
5= —As+aes+ &+ / dt'R(t,¢)s(t') + h | (6.44)
0

An analogous computation to the previous one now gives:

R(w)=((—miw+£)1— R —«ae)~! (6.45)

C(w) = 2T ((Ra(w)TRa(w))_l - 1)_1 . (6.46)

We have indicated with an overline the average over a.

As before, C' would have a critical point if (R*(w)R*(w)) had an eigenvalue equal to 1.
Nevertheless, while before when this happened R also had a singularity in w = +a, if o has
a continuous distribution, this singularity is smoothed out by the integration over a. This
means that at the critical point C' would behave as 1/w. Because this singularity would not be
integrable, in order to satisfy the spherical constraint Cy(t = 0) = 1 this cannot happen at finite
temperature.

In the case of a Gaussian and centered distribution of the «;, it is possible to compute
analytically the response and correlation functions at all temperatures, verifying that indeed
they are analytic for all 7" > 0.

Since no phase transition can occur at finite temperature, we find that for continuous dis-
tributions of random anti-symmetrical coupling «; the aging behavior is destroyed, leading to
chaotic dynamics as in the CS model. This is reminiscent of what was found for slowly pul-
sating poly-disperse particles [331], that exhibit an arrested phase only if all particles pulsate
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at the same frequency. For a continuous but sharp distribution, a sharp crossover is expected,
that would be indistinguishable from a phase transition except in extremely large systems at
extremely long times. In this case the system would display interrupted aging, i.e. aging only

up to extremely large time-scales [138].
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Figure 6.9: Eigenvalues of (R*(w)tR*(w)) at criticality, for two different discrete distributions
of a. If a can take two values with equal probability (a), response and correlation functions
exhibit two singularities, whereas if the two possible values have different probabilities (b),
only the peak close to the most probable one becomes a singularity.

We have also considered anti-symmetric couplings which can only assume two different val-
ues with different probabilities. In this case, a genuine transition still exists: (R%(w)fR*(w))
develops a singularity and an eigenvalue equal to 1 for the same value of ¢ (Fig. 6.9). This
raises the intriguing possibility of two different scenarios for non-reciprocal interactions: (i) one
characteristic of continuous distributions first evidenced by Crisanti and Sompolinsky, (ii) one
characteristic of discrete distributions, whose simplest incarnation is the system analyzed in this
paper. Physically, continuous vs discrete distributions indeed correspond to quite different situ-
ations, that we dub “microscopic” versus “macroscopic” non reciprocity. In the first case, we can
think of the degree of non-reciprocity being independently fixed by each microscopic component.
In the second case, we can decompose the systems in a finite number of sub-systems, each with
a degree of non-reciprocity that is macroscopically fixed at the sub-system level.

6.7.2 Different interaction matrices

__1.04 __1.04
3 3
Eo05 Eo05
0.0 0.0
-4 -2 0 2 4 -4 -2 0 2 4

(a) Pa=0.5 = Pa=5 = 0.5 (b) Pa=0.5 = 077 Pa=5 = 0.3

Figure 6.10: f(R) defined in Eq. (6.56) at the critical point (i.e. when it reaches 1) for p = 0,
a = 0.3 < a*(0) (left) and o = 2 (right). In both cases the functions are analytic, but very
close to being singular at their peaks.

In many cases, it could be more realistic to consider two different interaction matrices for
the two systems. To be as general as possible, we consider the case in which there is any amount
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of correlation between Jl-lj and Jl-zj:

—
TGk = < G+ (1= da)p) (6.47)

The dynamical equation becomes:

8% = Z Ji5sG — lasi + a Z €abol +nd + he . (6.48)
J b

We can replicate the DMFT computation as in the previous cases. The main difference is that
some p factors arise in the off-diagonal components of the memory terms and of the correlation
of the noise:

t

% = —lgs* + Z 6abOéSb +n* +h+ &+ / dt/Raa(ta t/)sa(tl)+
0

b (6.49)

£ 3001 dup [ AR )
b 0

(Ea(t)&(1")) = NIGILE [s2(0)2()] = uClaa(t. ) + (1~ 8ut)pClnlt, ) (6.50)

In order to write down in matrix form the self-consistent equations on R and C), it is conve-
nient to define the matrices:

P (_%a p}%) , b <_%@ p(%) . (6.51)

The self-consistent equations, obtained as before, then read:
R(w) = ((—iw + 1)1 — R(w) — A, (6.52)
C(w) = (2T + C(w))R(w)RT(w) . (6.53)

At small but finite o the response and correlation functions are peaked in w = 0 at all
temperatures, whereas for @ > a*(p) they develop two symmetric peaks at finite values of w
(Figure 6.10), signaling a damped oscillating behavior as in the case in which the two species
have the same J. For p = 0 the equations simplify, and we can show that this crossover occurs
at a*(0) = 1//8.

The system has a critical point when the correlation function diverges. The solution for the
diagonal and off-diagonal elements of C' read:

2T (|Ra|* + |Ra|* — p|R3 + RZ?)
L= ((p+ 1)(|Ral* + |Ral?) — p|RG + R2?)
B 2T (R.R; — R4R})
1= ((p+D)(|Ral* + |Ral?) — p|RT + R2?)
Therefore the critical point will be when
F(R) = (p+ D)(|Ral* + |Ral?) — p|RT + RI> =1 (6.56)

At any value of p < 1, when this condition is met the response function is not singular.
As discussed before, this means that the system does not have a critical point at any finite
temperature. Nevertheless, both for small (« < 0.3) and large (« 2 1) values of «, the response
function is extremely close to being critical (Figure 6.10): in fact it would become critical for
(unphysical) values of the Lagrange multipliers just below those reached when the correlation
function diverges. This means that at moderate system sizes and not too long times the situation
would be indistinguishable from a real phase transition to a spin glass phase at small o and an
amorphous oscillating one at large a.

Cy(w) = (6.54)

Ca(w) (6.55)
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Chapter 6: Non reciprocal spin-glass transition and aging

6.7.3 Coupling magnetization

Another possible coupling mechanism between the two clones is through their magnetization.
Without ferromagnetic interactions inside each clone the magnetization is zero throughout the
phase diagram, therefore the addition of non-reciprocity has no effect at all. Let us then consider
the case in which each spin wants to align with the magnetization of its own system, and either
align or antialign with the magnetization of the other:

{s =3 Jijsi —Osi + SE X85+ F 287 (6.57)

21
i
22 g2 242 4 Q4 N 2 - ol
i_ZjJZJSj Csi+x ZJSJ' N 2255

a4 and a_ are the strengths of the reciprocal and non-reciprocal interactions. For simplicity we
do not consider thermal fluctuations, but we do not expect a small temperature to dramatically
change the behavior of the system.

The system exhibits a quite rich phenomenology. Its phase diagram, obtained from numerical
simulations of Eq. (6.57), is represented in Figure 6.11. The colormaps represent different
observables: m® = % >_j 85 1s the magnetization of each of the systems, mg, = % 225 Vo js? is
the projection on the leading eigenvector of J. We indicate with (m®); (and (mg;);) their average
over time, and with Am?® = max(ma);min(m“) (and Amg,) the amplitude of their oscillations. The
same observables are also plotted as a function of a_ at constant ay = 1.7 in Figure 6.12.
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(d)

Figure 6.11: 4 phases: (I) finite static magnetization ((m); > 0, Am = 0). (II) magnetizations
oscillate periodically (Am > 0) and (mgys) = 0. (III) mgys oscillates around a non zero value.
(IV) (m) = 0, (mgs) ~ 1. The black line indicates condition (6.61), the white line the disap-
pearance of the solution of eq. (6.62), the gray dashed line the parameters used in Fig. 6.12.
N = 1500.

At small values of «; (phase IV in the figures), the non-reciprocity plays no role, and the
system converges at long times to the leading eigenvector of the interaction matrix. The absolute
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Figure 6.12: Order parameters as a function of a_ at fixed oy = 1.7. N = 4000.

value of the projection of each of the clones on this eigenvector, mgys, is asymptotically equal
to 1 (Figure 6.11b). The dynamics is very similar to the one that we would find without non-
reciprocity: the system exhibits aging. We can study the stability of this fixed point solution
by linearizing around it:

650 = Jijds} — U0s + "% > o5+ Xb: eab%‘ st (6.58)
J J J

At the fixed point ! = (2 = ¢ = 2. We define the (2N x 2N) stability matrix M such that
55 = M6s . (6.59)

If M has any positive eigenvalue, the fixed point is unstable (as we have seen before, the reverse
is not true). The eigenvalues of M are the poles of its resolvent:

G(z)=(z21-M)"t. (6.60)

If an instability occurs, because it would be due to the magnetization-mediated interactions, we
expect the unstable mode to have some overlap with the vector of the fully magnetized states,
that we denote as |1;) and |12). We project the resolvent on this 2-dimensional space

(11, 12| G(2) |11, 1) =

<z+e—g<z+e>>1—<a+ “>'

z—2z4/1—4/22

g(z) = —5—— is the Stieltjes transform of J [269]. Solving for the poles of the projected
resolvent we find:

1 . 1

The real part of the eigenvalue becomes positive when

1

This condition is plotted in black in Figure 6.11, it perfectly agrees with numerical results. For
non-zero a_ the transition is retarded, and when it occurs the unstable eigenvalue is complex,
hinting to a transition to an oscillating phase. For a_ = 0 we recover the known result for
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Chapter 6: Non reciprocal spin-glass transition and aging

the phase transition to a ferromagnetic state at ay = 1; for a— — oo the ground state of the
interaction matrix loses stability at a; = 2.

At very strong values of ay (phase I in the figures) the system converges to a fixed point
with finite magnetizations my and ms. At the fixed point the magnetizations and the Lagrange
multipliers satisfy:

(0F +a2)g(t1)g(?) — oy (g(0h) + g(£%)) +1 =0

my = —2=9) .
L= T=agg(e)"? ) (6.62)
4 .
(aymy + a,mg)Q% =1
(aymg — a_ml)QLﬂ) -1
(£2)2—4

Studying when this system of equations stops having a solution, we find the phase boundary of
the magnetized phase, indicated in white in Figure 6.11. Again there is very good agreement
with numerical simulations.

Between the two phases described so far, there is an extended region in which the system
exhibits strong oscillations. This region is actually composed of two phases. In phase II, each
clone rotates around the origin: both m and mgs show strong oscillations, but their time average
is zero. In phase III, each clone rotates around a vector with a finite projection on the leading
eigenvector of J, so that (mgs)¢ # 0. By Principal Component Analysis we see that in phase II
the system explores a space spanned by two vectors, whereas in phase III it explores a space
spanned by three vectors. Also in phase III we encounter aging behavior.

6.8 Conclusions

In this Chapter, we have studied a system composed of two antagonistically coupled complex
agents, whose internal dynamics we modeled as spin-glasses. Contrary to what was believed
after the seminal work [13], we showed that non-reciprocal interactions do not necessarily destroy
glassy dynamics, but they can enrich it with novel features. The phase transition associated with
the emergence of a simple spin-glass order is replaced by a different kind of symmetry breaking,
in which the system starts to oscillate. The destabilization of the ordinary spin-glass phase is
mediated by a spectral singularity called exceptional point. The oscillations have a frequency
that is uniquely controlled by the non-reciprocity, while their envelope exhibits a slow evolution
akin to the one found in a single spin-glass. At long times the two spin-glasses rotate on their
two lowest energy modes, spontaneously breaking chiral symmetry. This rotating state shares
certain similarities with the one observed in the absence of internal spin-glass dynamics, yet it
also exhibits important differences: it is robust to the introduction of thermal fluctuations and
to the departure from perfect antisymmetry in the interactions; the plan of rotation is fixed and
independent of initial conditions, but depends on the realization of the internal dynamics, so
that the oscillations would not be visible in the magnetization.

Crucially, this behavior only arises if all microscopical components of the two spin-glasses
have the same non-reciprocal coupling, or if they can be divided in a finite number of subsets with
the same couplings. This leads us to hypothesize the existence of two classes of non-reciprocally
coupled disordered systems: one in which the non-reciprocity is coherently set on macroscopic
portions of the systems, and one in which each microscopic component independently chooses
its degree of non-reciprocity from a continuous distribution, with aging only surviving in the
first case.

How these results generalize to more complex glassy systems is an open question certainly
worth further investigation, and with potential implications for many complex biological systems.
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6.8. Conclusions

In the next Chapter, we present some preliminary results on the non-reciprocal coupling of other
aging systems.
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Chapter 7

Non reciprocal couplings in other
aging models

In this chapter, I discuss some preliminary results and ongoing work on the effect of non-
reciprocal interactions in other aging models, namely coarsening Ising models, the p-spin model
and the trap model. As we will see, the aging behavior in coarsening systems has some deep
analogies to the one of the spherical SK model. This analogy carries on to the non-reciprocal
case, which is found to be a simple generalization of the results of the previous chapter. We
expect the picture to be more complex in systems in which the aging behavior relies on different
mechanisms. Indeed, new phenomena emerge when coupling non-reciprocally two p-spin models.
To extend our results to systems in which aging is due to barrier crossings, we propose to study
two non-reciprocally coupled trap models. These projects are carried out in collaboration with
Raphael Urfin for the p-spin model, and with Mattia Scandolo for the trap model.

7.1 Limitations of the spherical Sherrington-Kirkpatrick model

In the previous chapter, we have seen that if we couple non-reciprocally two identical spherical
Sherrington-Kirkpatrick (SK) models, below a critical temperature they undergo aging, while
also exhibiting oscillations. The system has two independent timescales: a short one, which
only depends on the non-reciprocity and sets the frequency of the oscillations, and a long one,
proportional to the age of the system, which controls the decay of correlations. In this chapter,
we investigate how this behavior generalizes to other aging systems. We first review some
limitations that already emerged from the study of the spherical SK model, which could hint at
potential challenges in extending our results to more complex models.

We have seen that aging is only found if the non-reciprocity introduces a finite set of os-
cillation timescales. In our model the linearity of the dynamical equations guarantees that if
we impose the same non-reciprocal coupling to all components, a single oscillation frequency
is generated. However, in strongly non-linear systems, such as the p-spin model, even if we
introduce a unique non-reciprocal coupling, the non-linearities in the system can generate other
frequencies, possibly leading to more complex behavior.

It is also essential that the two parts of the system experience the same disorder, so that they
can push and pull each other along the same soft modes. In models with more complex energy
landscapes, such as the p-spin model, it would not be sufficient to impose the same realization
of the interaction tensor: two systems starting from independent initial conditions could end
up in very different regions of the phase space, in which their soft modes would be completely
unrelated.
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Lastly, in the spherical SK model aging derives solely from the presence of marginal direc-
tions. As we have discussed in the introduction, aging can also be due to trapping in increasingly
deep states, which require longer and longer times to escape from. How the non-reciprocity would
impact such an activated dynamics is still an open question.

7.2 Coarsening Ising models

Figure 7.1: Snapshots at two different times (¢ = 10% and ¢ = 10°, measured in Monte Carlo
steps) of a 2D section of a three-dimensional Ising model evolving with Glauber dynamics af-
ter a quench from a high temperature to a temperature below the ferromagnetic transition.
Reproduced from reference [139].

As we explained in Section 5.2.1, if we quench a system below a second order phase transition
it will generically fall out of equilibrium and display aging, because it takes a long time (diverging
with the number of degrees of freedom) to equilibrate from a symmetric to a symmetry-broken
state. This phenomenon can be studied in detail in the case of a three-dimensional Ising model
quenched from a temperature above to one below the phase transition [236]. Interestingly, the
out-of-equilibrium dynamics of this system shares many analogies with the aging behavior of a
spherical SK model [267]. Both systems have only two minima of the energy, related by inversion
symmetry. Starting from an initial condition with a macroscopic overlap with one of the two,
they relax exponentially to it, but if instead we initialize them in a random configuration they
remain forever undecided on which state to pick. These analogies become a formal mapping if we
perform a Hartree-Fock approximation on the coarsening dynamics [332]. The connection carries
on to the non-reciprocal case: we will see that the correlation functions of two non-reciprocally
coupled quenched Ising models are also simply dressed by some oscillations of frequency «.

We now review the derivation of the aging behavior of a single Ising model under the Hartree-
Fock approximation, adapted from [139].

7.2.1 Aging dynamics

In Figure 7.1, we report two snapshots of the dynamics of an Ising model quenched from a
very high temperature to one below the critical point. As time goes on (from the left to the
right picture), the system separates in uniform domains of positive or negative magnetization
(represented in white and black respectively) of increasing size.

For simplicity we will consider a quench from infinite to zero temperature, but the results
are easily generalizable to finite temperatures. The large-scale behavior of the system can be
understood by studying the coarse grained magnetization ¢, whose dynamics is described by:

B = V¢ —V'(9), (7.1)

118



7.2. Coarsening Ising models

where V(¢) = —%2¢2 + 2¢* is a double well potential. The potential is minimized for ¢ =
+y/m?/g, whereas the Laplacian term will favor uniform configurations. The initial condition
¢(x,0) is uniformly sampled at infinite temperature, so that it is delta correlated in space:

(¢(z,0)p(2,0)) = o6(x — 2) . (7.2)

These random initial conditions play the role of quenched disorder in this system. To obtain some
analytical understanding of the behavior of the system, we perform a Hartee-Fock approximation,
replacing the non-linear term g¢® by g@(¢?), where ($?) is a self-consistently determined average
over initial conditions. This approximation becomes exact if we generalize the field ¢ to an N-
components field ¢ with potential V(¢) = —%252 + 7% (¢%)? (which is known as the O(N)
model [333]), and we take the limit N — co. Under this approximation the dynamics becomes:

0p(x) = V2¢(x) +m*¢(z) — g(¢°) () - (7.3)

We can diagonalize it by going to Fourier space:

Ap(k) = (—k* +m? — g(6?) (k) = (—k* + a(t))d(k) , (7.4)

where a(t) = m? — g{¢?(z,t)) has to be computed self-consistently. The situation is very similar
to the spherical SK model: we have a linear dynamics, and different modes are only coupled
through a coefficient that has to be computed self-consistently. In 3 spatial dimensions, the
density of states of plane waves is p(k) o< k?. If we define u = k?, we find p(u) = p(k)dk/du
/1 as for the spherical SK model, the density of states vanishes as a square root at the border
of the spectrum. This, together with the self-consistency conditions, turns out to be a crucial
feature, leading to the same aging behavior in the two models. Indeed, as for the spherical SK
model, we can formally write the time-dependent solution in terms of the unknown function

a(t):
ok, t) = Bk, 0) F g eI (7.5)

We can then compute the averaged squared field:

dk3 _ 9.2 / g ta / o
@) =o [ G t42 fyalt)ar = e e, (7.6)

We expect (¢?(z,t)) to converge at long times to a finite value, m?/g. This is only possible if
the two time-dependent factors compensate each other:

t / !

62 fo a(t')dt x 753/2 ’ (77)
which means that a(t) has to scale as:
3to
t) ~ — . 7.8
a(t) ~ 2 (78
: . 2 m? 1 btai h _ 1 og 2/3

By imposing (¢*(z,t)) — -, we can also obtain the constant to = g (W) . We can now

compute the correlation function:

) (! ) = t)3/4 (75/)3/4/ dk’ ik(z—a') ,—k2(t+t') _
<¢z(xat)¢2(x o )) =0 ( to (27r)36 € -

. (79)
7.9
2 n3/4 z—a’)2 z—a’)2
_om? @) e om? (2T A _Goep
g ((t+1)/2)3/2 g 2+ At/t ’
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where At =t —t'. The power law dependence on time is exactly the same found in Eq. (5.37)
for the spherical SK model. Let us analyze the various regimes in time and space separation. If
we take a fixed z — 2’ ~ O(1), and long, not very separated times ¢’ > 1, At/t' < 1, we find
(¢i(x,t)pi(2',t")) ~ m?/g: at long times any finite region has constant magnetization 4++/m?/g.
At fixed times, correlations decay in space over a growing length scale L(t) ~ v/t. Correlations
also fall to zero if At > t': the time scale of the dynamics is proportional to age of the system. In
conclusion, at long times the system is composed of uniform domains of constant magnetization
+./m2/g and size L(t) ~ /t, which rearrange over times proportional to the age of the system.

7.2.2 Non-reciprocal aging

Let us now take two Ising systems, and couple non-reciprocally corresponding spins in the two
systems. This is precisely the “non-reciprocal Ising model” introduced in references [291,304].
Their coarsening dynamics from infinite to zero temperature is described by the coupled field
theories:

A1 (z) = V2o1(x) + m*¢1(z) — g¢ (z) + o (z) (7.10)
Oya(x) = V2¢ha(x) + m* o () — gd3(z) — gy () (7.11)

The initial conditions are sampled independently at infinite temperature, so that they are as
before d-correlated in space:

(gﬁl(:c, 0)(f)j(37/, O)> = 0'(51‘]‘6(.73 - IL’/) . (7.12)

We again perform an Hartree-Fock approximation (which can be justified in a O(N') model in the
limit N — 00), and replace the non-linear term g¢? by go.($2), where (¢2) is a self-consistently
determined average over initial conditions. We can then diagonalize the dynamics in Fourier

space. Collecting the two fields in a vector ®(k,t) = <¢1(k’ t)>, we obtain:

¢2(k7 t)
oty = (O e, (7.13

where a(t) = m? — g{¢?(z,t)). Because of the symmetry of the system under the exchange of the
two fields and the reversal of one of the two, we expect a1 (t) = a2(t) = a(t). As for the Lagrange
multipliers in the case of the SK model, this simplifies the analysis because the diagonal and
off-diagonal components of the matrix commute. We therefore obtain the formal solution for ®:

_ _k2t+fta(t/)dt/ cosat sinat
O(k,t)=e 0 Csinot cosat d(k,0) . (7.14)

As in the single system case, this is finite at long times only if a(t) ~ %). Computing as before
the auto-correlation function, we find:

m2 / 7 % _x_x’Q
(G, t)pa(a’ 1)) = — (mw> eI cos(alt 1) (7.15)

g 2+ At/t
The cross-correlation function (¢1(z,t)p2(2’,t')) has the same form, with the cosine replaced

by a sine function. As in the single system case, there is a growing length scale L(t) ~ v/%.
Each of the two systems is composed of domains of size L(t) and uniform magnetization, which
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rearrange over a timescale proportional to the age of the system. However, their magnetization
is not constant in time anymore, but oscillates at frequency «.

The coarsening dynamics of two non-reciprocally coupled 3D Ising models starting from
random initial conditions was numerically studied in [304]. They report that an important role
is played by lines of topological defects, around which scroll waves rotate. Defect lines, initially
arranged in a complex mixture, gradually merge into rings that shrink and disappear, until a
uniform oscillating phase is reached (“swap phase”). Sometimes the system remains trapped in
long-lived metastable states with macroscopic scroll waves or planar waves.

This interesting dynamics is not captured by our analysis. However, as we discussed in
Section 5.3.3, the non-reciprocal Ising model strongly differs from the non-reciprocal O(N) one
for N > 1, and our analysis is only exact in the limit N — oco. First of all, for N > 1 in addition
to the swap phase, in which the order parameter oscillates in magnitude, there is also a chiral
phase, in which the order parameter has fixed modulus and rotates in a plane [294,295]. We
expect this second behavior to occur in the case we are considering, in analogy to the behavior of
two non-reciprocally coupled vectors described in Section 5.3.2. Moreover, for N = 1 the system
only has to break the O(2) symmetry related to the phase of the periodic oscillations, and indeed
the system falls in the equilibrium XY universality class. For IV > 2, instead, the system also
needs to select a (hyper-)plane on which to rotate. Selecting this plane requires breaking an
O(N) symmetry, and could therefore lead to a coarsening dynamics more similar to the one
found in the uncoupled case. This could be well described by our results. For N = 2 there is
no freedom in the choice of the plane of rotation, but the sense of rotation has to be selected,
which corresponds to breaking a Zs symmetry. The coarsening dynamics could therefore also
be qualitatively well captured by our analysis.

The coarsening dynamics in a non-reciprocal O(N) model for N > 1, has never been studied
numerically done to our knowledge; this would be an interesting direction for future research.

7.3 Spherical p-spin models

The spherical p-spin model [160,334] is a generalization of the spherical SK model in which
instead of 2-body interactions we consider p-body ones, with p > 2 (for p = 2 we recover the SK
model):
5'-271 Z Jivig.in Sig---Si, — £s; + 18 (7.16)
(2 (p_ 1)! 2,12,...1p 212+ lp 7 7 .
P

i,

The interaction tensor J is symmetric under any permutation of the indices. Its elements have
mean zero and variance ﬁ, where N is the number of spins, to ensure a well-behaved N — oo
limit. While for p = 2 the energy landscape is very simple, with only 2 ground states related
by inversion symmetry and separated by sub-extensive barriers, in the p-spin a crucial role is
played by metastable states. The energy landscape features many saddle points, whose number
of unstable modes depends on their energy. Under a given energy density threshold Eyp, typical
saddle points have no unstable mode, meaning they are minima. At E};, the saddle points
are marginal: they have some modes with vanishing eigenvalues, just as the ground state of
the spherical SK model. The system undergoes a thermodynamic phase transition between a
paramagnetic and a spin-glass phase at a temperature T, which can be obtained by studying
the equilibrium Boltzmann distribution, for example through the replica method. However, at
Ty > T there is a dynamical phase transition, at which the relaxation time diverges. Starting
from random initial conditions, in the N — oo limit the system approaches asymptotically the
threshold energy, but never penetrates below it, so that it is always in a marginal state. For
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p > 2, the qualitative behavior of the system does not change with p (at least if a single value
of p is considered [220,221]).

The divergence of the relaxation time can be shown by studying the self-consistent equations
on the response and correlation functions that can be obtained through Dynamical Mean Field
Theory [160]:

/
acéi’t ) _ —L(t)C(t, )+ 2T R, t)+
t t (717)
+ dt" R, t"\D(t,t") + / dt"S(t, tC " 1)
/ t
Mgt’t) — UORWE) + 5, + [ S RE ) (7.18)
t/
2 t
w=T+2 / dt"R(t,¢")C(t, " (7.19)
0
where
D(t,t) = gcu,t’)p—l , (7.20)
S(t,t) = 1’(7’2‘1) R(t,¢)C(t, t')P~2 . (7.21)

These are the same kind of equations that can be obtained from the Mode Coupling Approx-
imation in supercooled liquids. Since they are non-linear, their solution is not as simple as for
the p = 2 case considered in the previous chapter. They can however be integrated numerically.

7.3.1 Non-reciprocal coupling

As a first step in the study of non-reciprocal aging in more complex glassy systems, we can
consider two non-reciprocally coupled spherical p-spin models':

. 1
5? = m Z Ji,ig,...ip5?2~--5?p — gasg + Z OéﬁabS? + 77;1 . (722)
b
P

Even though we are again considering only one value of the non-reciprocal coupling «,
the non-linearities in the system can now lead to the generation of many timescales, possibly
destroying aging.

7.3.2 Numerical simulations

We first studied numerically the dynamics of two non-reciprocally coupled p-spin systems (Eq.
(7.22)), for p = 3. The simulations are numerically challenging because the 3-body fully con-
nected interactions lead to a scaling as N3 of the simulation time. For this reason, we could
only explore moderate system sizes (N = 100) and times (¢4 = 600).

In Figure 7.2 we plot the autocorrelation function for different waiting times ¢ as a function
of the time interval 7, averaged over many runs of the dynamics. For a = 0 (top) the system
exhibits aging both at T = 0.1 (left) and at T = 0.5 (right). Indeed the dynamical phase

% ~ 0.61. For strong non-reciprocal

coupling (o = 1, bottom), aging is suppressed at both temperatures: the correlation functions

transition temperature for this model is Ty =

!This study was conducted in collaboration with Raphael Urfin, who carried out the numerical integration of
the DMFT equations, while I contributed to the analysis of the results and performed the numerical simulations.
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Figure 7.2: Correlation function in log time, averaged over 55 runs with the same interaction
tensor J. The gray line represents the timescale associated with the non reciprocity %’r The
fact that for @ = 0 the plateau of the correlation function seems to depend on the waiting
time could indicate that the system has penetrated below the threshold energy, and is explor-
ing stable minima, which is expected at finite NV [335].
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reach a time-translational invariant regime, in which they decay on the timescale associated with
the non-reciprocity %” However, at moderate values of the non-reciprocal coupling (a = 0.3,
middle), we see that the correlation functions do not reach a time-translational invariant regime
(at least at T' = 0.1) and in particular do not decay on the timescale %r This could be an
indication that aging can survive the introduction of a finite but moderate non-reciprocity,

possibly under an interaction-dependent dynamical temperature Ty(«).
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Figure 7.3: Correlation function in log time in a single run. The gray line represents the
timescale associated with the non reciprocity %’r

However, looking at the correlation function in a single run of the dynamics, we sometimes
observe a peculiar behavior, shown in Figure 7.2, that could be indicative of strong finite size
effects in our system. The correlation function exhibits at long times sudden jumps from small
values to values close to 1, indicating that the system is jumping back to a state it had previously
visited. This intermittent dynamics suggests that the system is exploring stable minima, and
not marginal saddles, as it should do in the thermodynamic limit. This phenomenology is
reminiscent of the one described in [313] for a finite size p-spin (N = 50) with random non-
reciprocal interactions. In that case, however, the system explored a different minima at each
jump. The fact that our system returns over and over again to the same minima, is a non trivial
effect of the run and chase dynamics, which would require more careful exploration.

Note also that for p = 3 the single-system energy landscape is not symmetric under the
reversal of all spins. This breaks the equivalence between the two systems: there is no symmetry
operation that exchanges their labels. Moreover, it makes it impossible for the system to rotate
in some low-energy manifold, as it was the case for p = 2, because during the rotation the energy
would change sign from a very negative value to a very positive one.

The equivalence of the two systems and the symmetry of the energy landscape under spin
reversal can be recovered by considering p = 4. However, this would lead to a scaling as N4
of the simulation time, which makes it unfeasible to explore sufficiently large system sizes and
times.

7.3.3 Numerical integration of the equations on correlation and response

To avoid finite size effects and to be able to study arbitrary values of p, we turned to the
numerical solution of the DMFT equations, which are derived in Appendix B.2 via the cavity
method:

—1) rt
$a=—laSa+ Y €S+ 10+ &+ p(p2) / dt"> " Rap(t,t')Cap(t, )P sy (t') . (7.23)
b o b
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Figure 7.4: The four elements of the correlation function for p = 3, obtained by integrating
numerically the DMFT equations (7.24)-(7.25). Since for odd p the two systems are not equiv-
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represents %’r, which is the timescale associated with the non reciprocity. o = 0.3, T' = 0.

125



Chapter 7: Non reciprocal couplings in other aging models

where R and C are the matrices containing the response and correlation functions, to be com-
puted self-consistently, and £ is a Gaussian noise with correlations (£, ()& (¢')) = Cup(t, ).

Two different approaches are possible to obtain the correlation and response functions. The
first, following reference [66], consists in simulating Eq. (7.23) with some initial ansatz of C' and
R, updating the ansatz with the measured correlation and response function, and iterating the
procedure until convergence.

In the case of the p-spin, we can also obtain closed integro-differential equations on C, R
and ¢:

/
octt) _ —A)C(t,t") + aeC(t,t') + 2T Rt , t)+
L t (7.24)
+3 /_ dt"R(t',t") (Dt ") + D(t,t")") + /_ dt"S(t, ) 1)
OR(t,Y) _ —A)R(t, V) + aeR(t, ') +6(t,t")1 + tdt”E(t t"YR(t",t") (7.25)
at - ) ) ) t/ ? Y Y *

where A is the diagonal matrix containing the two Lagrange multipliers, which are given by

l(t) =T + g (p - ;) Eb: /0 t dt" Rap(t, ") Cup (L, 1" )P~ 14 (7.26)
+ %’ Xb: /0 t dt" Rap(t, ") Chq(t, t")P71 (7.27)
and
b= (Gt St o9
s = ) (e et htiiomons) 0

With both approaches the numerical complexity does not scale with N anymore (we are
working in the thermodynamic limit), but it becomes quadratic with the number of time steps.
We were therefore only able to go to £, = 200. The second approach, solving the integro-
differential equations on C' and R, is more numerically efficient.

A first striking observation is that the behavior of the system is dramatically different for p
even and odd, unlike in the case of a single p-spin model, whose qualitative behavior does not
depend on p for p > 2.

For p = 3 the correlation functions never exhibit long-lived oscillations, and always converge
to zero (Figure 7.4). For large «, the system becomes time-translational invariant, and decor-
relates from initial conditions on a timescale proportional to 1/a. The fact that the system
decorrelates from initial conditions even at zero temperature indicates that it is undergoing
chaotic dynamics [285]. For smaller values of «, the correlation function does not attain a time-
translationally invariant form within the accessible time window. However, we conjecture that
aging is interrupted on a timescale that grows faster than 1/a.

In Figure 7.5, we plot the diagonal element of the correlation function for p = 4, for different
values of a and T'. We distinguish three different qualitative behaviors.

At small values of the temperature and of the non-reciprocal coupling (in blue in Figure 7.5),
the decay of the correlation function becomes increasingly slow with time, and the system never
becomes time-translational invariant (TTI) in the available time window. However, we cannot
exclude that aging is interrupted on a timescale that diverges faster than 1/c.
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Figure 7.5: Auto-correlation function for p = 4, obtained by integrating numerically the

DMFT equations (7.24)-(7.25), for different values of av and T'. Different colors represent dif-
ferent qualitative regimes: in the blue region we have aging in the available time frame, in the
orange region the system becomes time-translationally invariant, in the green region we have
undumped oscillations, with oscillating envelope. The gray line represents %ﬂ, which is the
timescale associated with the non reciprocity. The values of o and 7" are not linearly scaled.

aging oscillations

a

Figure 7.6: Qualitative phase diagram for p = 4. In the orange region the system becomes
time-translationally invariant, in the green region we have undumped oscillations, with oscil-
lating envelope.
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At high values of « (in green in Figure 7.5), the system exhibits undamped oscillations, with
an envelope that oscillates with the initial time tg. The oscillations have a frequency smaller
than 27/« which is the one we would find in the absence of random interactions, but their
frequency seems to tend to this value for o — oco. Surprisingly, the correlation with the random
initial condition C(¢,0) never decays to zero: the two systems oscillate indefinitely in a plane
that has a macroscopic overlap with both their initial conditions. This is a non-trivial effect of
the random interactions: without them, as we have seen in Section 5.3.2, the plane of rotation
would freely diffuse in the N-dimensional space. How is it possible that the interactions allow
the system to remember some random initial conditions, which are completely uncorrelated from
the energy landscape, is an open question worth further investigations. The coherent rotations
in the plane spanned by the two initial conditions are also the source of the oscillations of the
envelope of the correlation function with the initial time ¢g.

Between the two regimes (in orange in Figure 7.5), the system becomes TTI. When approach-
ing the oscillating phase, the correlation function exhibits exponentially damped oscillations,
with a decay time that appears to diverge at some finite o (around a ~ 0.5). This suggests
that there is a true phase transition between a phase in which the system forgets the initial
conditions and one in which these are remembered forever. Note that the correlation function
is non-trivial even at zero temperature, indicating that the system fluctuates (and decorrelates
from its initial condition) even if it is not submitted to noise. This means that it is undergoing
a chaotic dynamics [13,285]. At finite temperature, the dynamics combines chaos and thermal
fluctuations.

Whether there is also a finite-a. phase transition between the TTI and the aging regime is
also still an open question. Since we see no signature of such a phase transition, we conjecture
that at finite « there is only a strongly non-linear increase of the timescale on which aging is
interrupted, and that the true aging regime is only for « = 0. The qualitative phase diagram
for even p is sketched in Figure 7.6.

7.4 Random Energy Models and Trap models

In order to investigate how non-reciprocity affects system in which aging is not due to flat
directions, but to the presence of growing energy barriers, we propose to study the non-reciprocal
coupling of two trap models [222,261]. This project, in collaboration with Mattia Scandolo, is
still at a preliminary stage. Here we describe the general idea and the set-up. We first introduce
the Random Energy Model and the trap model, two well-studied aging systems that will serve
as inspiration for our non-reciprocal model.

7.4.1 Random Energy Model and trap model

In the Random Energy Model (REM) [336-338], we consider N spins with an up and a down
state. We assign independent random energies to each of the 2V configurations of the system,
from a given distribution p(E). In the original model by Derrida [336,337], p is a Gaussian
distribution with mean zero and variance N/2. However, we can also consider generalizations
in which the energies are sampled from a different distribution. We will in particular also be
interested in the exponential case, in which p(E) = eF0(—E) (Exponential Random Energy
model, or EREM) [338].

The Gaussian REM can be obtained as the p — oo limit of an Ising spin model with fully-
connected random p-body interactions. It exhibits a phase transition at a critical temperature
T. = —— between an equilibrium phase in which no state has a macroscopic weight, to a spin-

2vIn2
glass phase in which the Boltzmann distribution acquires a macroscopic weight on the ground
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state. If we endow the system with a single spin flip Metropolis dynamics, below T, it does not
manage to relax to equilibrium on times that do not diverge with IV, and instead performs aging.
The aging dynamics at long times is well captured, at a coarse grained level, by the simplified
trap model introduced by Bouchaud [222,338,339], which we have already described in Section
5.2.3.

In the trap model, we again consider 2%V configurations with randomly assigned energies,
but the dynamics is determined as follows. When the system is in a trap with energy E (with
E < 0), it escapes from it with a probability rate proportional to eP/T and then immediately
falls in another trap, randomly chosen from the 2. The main differences with respect to the
REM are that the escape rate only depends on the initial configuration, and that the system
is not constrained to jump to one of the N states that could be reached through a single spin
flip. These differences turn out to be irrelevant for a coarse-grained description of the long times
dynamics, in which both the REM and the trap model spend most of their time in rare low
laying states. In the original model considered by Bouchaud [222], the energies are sampled
from an exponential distribution, which means that its dynamics will be more similar to the one
of the EREM. It is also possible to consider Gaussian distributed energies, obtaining a model
closer to the original REM.

7.4.2 Phase diagram of the EREM and the trap model

Since the EREM and the exponential trap model only differ for their dynamical rules, their
equilibrium properties must be the same, and in particular they must fall out of equilibrium at
the same temperature. Let us show that this occurs for T'= 1 in both cases.

Trap model

In the trap model, the dynamics is defined by the escape rate:
r=Tge’F (7.30)

where § = 1/T is the inverse temperature, and I'y ! sets the microscopic timescale. We can
write the Fokker-Planck equation for the probability distribution P(FE,t) of finding the system
at an energy E at time ¢:

10 BE / ’ BE'

— - P(E,t) = —e"PP(E, 1) + p(E) / dE'P(E, 1)PE" (7.31)

0
The first term is the probability rate that the system is found at energy E at time ¢ and then
jumps away. The second one is the probability rate to jump to energy E from any other energy
E’. The total probability rate that the system performs a jump at time ¢ (from any energy) is
w(t) = [dE'P(E',t)e’F". With this notation we can rewrite the Fokker-Planck equation as:
10

ro DB ) = =P P(E) + p(B)o(t) (7.32)

Its stationary probability distribution is given by:
P(E) = p(BE)w(t)e P « e~ F-1EF (7.33)

p(E) = eP9(—E) is the probability that a state has energy E. This distribution is only normal-
izable (for E € (—00,0)) if § < 1, i.e. for T'> 1. Below 7" = 1 the non-normalizability of the
distribution signals the fact that the system falls out of equilibrium. For finite N an equilibrium
distribution still exists, but thermalization requires a time that diverges with N.
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EREM

In the EREM the dynamics is not as simple as in the trap model, so the Fokker-Planck equation
cannot be as easily derived. The equilibrium properties can be obtained from the study of the
partition function. Indicating with n(E) the density of states at energy E, the partition function
can be expressed as:

Z = / ’ dEn(E)e P¥ . (7.34)

The average density of states is
n(E) = p(E)2N = FHNlos2 (7.35)

The overline indicates an average over the disorder (i.e. the realization of the energy levels). If
n(E) > 1, thanks to the central limit theorem we expect n(E) ~ n(E). If n(E) < 1, we expect
that around most energies n(F) = 0, and very rarely there is an energy level. For large N,
there is a critical energy Ep/N = —log?2 such that for E > Ey, n(E) = n(FE), and for E < Ej,
n(E) = 0, so that Ejy is the ground state. Note that while the typical energies are of order 1,
the ground state is extensive, i.e. of order N.

We can express the partition function in terms of the intensive energy ¢ = E/N:

0
Z ~ /_ 1 gzdgeNﬂog”(l*ﬁ)E) : (7.36)

For large N, it will be dominated by the value of the energy that minimizes the free energy.
Since the density of states is exponential, the minimum will be in one of the two extremes of
the interval: in € = 0 for 7" > 1, and in the ground state ¢ = —log2 for 7" < 1. This confirms
that there is a phase transition at T, = 1. The transition is discontinuous: the intensive energy
jumps from € = 0 to e = — log 2.

7.4.3 Non-reciprocal coupling

In order to study the effect of non-reciprocity on aging in systems with activated dynamics, we
propose to consider two particles hopping in the same disordered energy landscape. We first of
all need to decide how to couple them in a non-reciprocal (and non-trivial) way, since several
possibilities are available.

We will assume that the two particles undergo a thermal dynamics trying to minimize two
different “selfish energies”, in the sense introduced in Section 5.3.1. These selfish energies contain
the random potential, which is the same for the two particles, and a function of the two positions,
which will have different signs for the two particles to introduce non-reciprocal frustration in
the systems.

In a trap model there is not really a notion of space, since all sites are connected. In order to
define the non-reciprocal coupling, we will assume to have 2% states arranged in a N-dimensional
hypercube, as in the REM, but still allowing jumps from any site to any other, as in the trap
model. The position of the two particles can be identified by N binary variables, s¢ = £1, where
¢ runs from 1 to N and a indicates the identity of the particle, we collect them in vectors .
The non-reciprocity can then be introduced by imposing that one particle wants to minimize
the overlap ¢ = %5’1 - 85, and the other wants to maximize it. Let us then define the selfish
energies:

Ei = E(3) — a5 - % (7.37)
Ey = E(gz) + a8y - 5y (738)
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« is the strength of the non-reciprocal coupling. Each particle undergoes a dynamics that would
satisfy detailed balance with respect to its own selfish energy at temperature T if the position
of the other one was fixed.

L — exp (B (E(51) — B(s]) + a(s] —51) - %)) (7.39)
T§"1~)§1

T s

52_>52 — 7 7 — —

— 2 =exp (B (F(52) — E(s,) — al(s, — 53) - & . 7.40
o (8 (B(52) — B(sh) — alsh — %) - 1)) (7.40)

This constraint does not yet unambiguously determine the transition rates. We propose two
different dynamics:

1. Each particle jumps out of its trap with a probability rate proportional to exp(5(E(8y) —
Neqpaq)), and then select a new state uniformly from all the existing ones.

2. Each particle jumps out of its trap with a probability rate proportional to exp(8E(5,)),
and then select a new state with weight proportional to exp(N Begpaq), which would be
the Boltzmann weight of the overlap between two spin systems coupled by (anti-)aligning
interactions.

If we want our model to be as close as possible to a REM, the second choice is more appropriate:
when the system performs a spin flip, the overlap changes by an infinitesimal amount, so that
its change does not really influence the escape rate. After the system has escaped a deep trap,
it performs many jumps at high energy, macroscopically changing its overlap, before finding
another low laying state. If we want to give a coarse-grained description of the dynamics between
the deep traps, it is therefore more appropriate to assume that the escape rate only depends
on the energy of the trap, and the overlap of the next state is sampled from an (egoistically)
equilibrated distribution. We assume that the two particles never move at the same time, since
in the aging phase they spend most of their time trapped in low energy states.

The first dynamics could however also be of interest to understand the behavior of more
realistic spin glasses. In particular, if neighboring states have correlated energies, crossing a
barrier can require many spin flips. This would lead to a macroscopic change of the overlap,
which could then influence the barrier crossing rate.

The two dynamics can be seen as the two extreme cases of a continuum of models, in which
the overlap influences partially the escape rate, and partially the selection of the following state.

7.4.4 Phase diagram of two reciprocally coupled EREM

To show that the coupling we have chosen induces a non-trivial effect, we can study the phase
diagram of two reciprocally coupled trap models. This also allows us to gain some intuition on
the behavior of the system in the non-reciprocal case.

If the coupling is reciprocal, we can write an energy for the entire system:

Eror = E(é_"l) + E(§2) — a8 -8y . (7.41)

We can express the partition function in terms of the intensive energies ¢; = (51)/N and the
overlap:

Z ~ /deldsgdqn(el,sg,q)e_BN(51+52_O‘q) . (7.42)
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To compute the average density of states we need to distinguish two cases: if the two particles are
in the same trap, i.e. if ¢ = 1, they must also have the same energy (we will call this “attached”
state), whereas if they are in different traps they have independent energies (“detached” state):

n(e1,e2,9) = pler)ple2)e™ D2V 4+ 6(q — 1)p(e1)d(e1 — €2)2V =np + M . (7.43)

eNS5(9) is the number of configurations that have overlap ¢ with a reference one; for N > 1 S (q)
reads:

S(q)z—(lgqloglgq—i—12qlog12q> . (7.44)
As expected, S(g) is maximal in ¢ = 0.

As before, if one of the two average densities is much larger than 1, the density will be close
to the mean, whereas if it is much smaller than 1, the density will be zero except for very rare
states. We can find the ground state in the detached and attached cases by looking for the
configuration that minimizes the total energy and has np/4 = 1. For the detached case we find:

ed = —aqo — (log2 + S(qo)) , (7.45)

where ¢o = tanh«, namely the value that maximizes S(q) + aq. This result has a simple
interpretation. We put the first particle in the lowest energy level available (—log2, as we have
seen for a single EREM). For the second particle there is a trade off: states with large overlap
minimize the interaction energy, but, since there are very few of them, it is less likely that one of
them will have a very low random energy. The optimal solution is found precisely by maximizing
S(q) + aq.

For the attached case we have:

el = —a —2log2 , (7.46)

meaning that the two particles are both in the lowest energy level.

4-

21 aging, attached

equilibrium, detached

aging,
detached

00 05 10 15 20 25 3.0
T

Figure 7.7: Phase diagram of two reciprocally coupled REM.

The partition function is dominated by the state that minimizes the free energy. As in
the previous case, we find that either the system goes to the ground state, in which it has a
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macroscopic energy and no entropy, or has 0 intensive energy and finite entropy. To obtain the
configuration it is then sufficient to compare the four following free energies, corresponding to
attached and detached states, either at the ground state (ff/SD) or at zero energy (fa/p):

log 2

4= —a <3 (7.47)
P _1022 g (8) S(qﬁ(ﬁ)) , (7.48)
ffs =—a—2log?2, (7.49)
5° = —ago — (log2 + S(q)) - (7:50)

q*(8) = tanh fa is the equilibrium value of the overlap, which maximizes S(q) + Saq.

The phase diagram of the system is represented in Figure 7.7. For all values of 5 and «,
fa > fp, so the two particles will never be in the same state, except if this is the ground state.
On the other hand, for o > 0, fgs < fgs : at low temperature the optimal solution is to put
both particles in the same state. The opposite is true if a < 0: if the particles repel each other,
they will look for two different low energy states. Therefore for oo < 0 the particles are always
detached, and they undergo a phase transition between an equilibrium and an aging phase for
T =1, as in the single REM case (see Figure 7.7). For a > 0, instead, at high temperature we
have a detached equilibrium phase, and at low temperature an attached non-equilibrium one.
The phase transition can be located by imposing ffs = fp, leading to:

aB + (28 —2)log2 — log cosh(af) =0 . (7.51)

This condition determines the line between the blue and the green region in Figure 7.7.

Interestingly, the coupling leads the system to fall out of equilibrium at higher temperatures
than it would do otherwise. This is because the ground state is further stabilized by the attrac-
tion. For @ — oo, the transition occurs for 7" = 2. The system becomes equivalent to a single
REM with all energies levels multiplied by a factor 2. For @ < 0 instead the coupling has no
effect. This is a particularity of the EREM, and would for example not be the case for Gaussian
distributed energies.

7.4.5 Scenarios for non-reciprocal case

In the non-reciprocal case, since a global energy cannot be defined, we must rely on a dynamical
approach. It is in principle possible to study the Fokker-Planck equation that describes the
evolution of the probability distribution of the two energies and the overlap, but this computation
is quite involved and it is currently ongoing. From the Fokker-Planck equation it would be
possible to obtain the phase diagram of the system (by studying when the stationary distribution
becomes non-normalizable, as done for the single trap model), but also to study the aging
dynamics. Since the system is always out of equilibrium, the phase diagram could depend on
the type of dynamics we choose.

We can however already hypothesize some scenario for what happens in the non-reciprocal
case. Consider first the case in which particle 1 is attracted to particle 2, whereas particle 2
is not influenced at all by particle 1. Particle 2 undergoes the usual transition at 7' = 1, and,
for T' > 1, is typically in states with intensive energy equal to 0. The attraction to particle 2
cannot then help particle 1 to find states of extensive energy, particle 2 must then also undergo
the phase transition for 7' = 1.

Let us now consider the non-reciprocally interacting case. It is hard to imagine that if
particle 2 was repelled by particle 1 this would help them finding low energy states, therefore
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the transition cannot occur at temperatures higher than 1. On the other hand, we have seen
that if the two particles repel each other, they still undergo the phase transition at 7= 1. We
therefore conjecture that the non-reciprocal system undergoes a phase transition for T'= 1, no
matter the value of «.

As in the case of the p-spin for p = 3, the two non-reciprocally coupled traps are not
equivalent: while chasing another particle can help in finding low energy states, running away
from it doesn’t have a strong effect. This is also evident from the fact that the phase diagram is
not symmetric upon the reversal of «.. Inspired by even-p spin models, whose energy is invariant
under flipping of all spins in the system, we wonder what would happen if we imposed a similar
symmetry to our energy levels, i.e. if E(5) = E(—§). Since the REM can be obtained as the
limit for p — oo of the (Ising) p-spin, such a model could be obtained as the limit p — oo
restricted to even p. In the reciprocal case, the phase diagram would become symmetric under
the reversal of o (and analogous to the one already obtained for « > 0). The non-reciprocal
system would be invariant under the exchange of the two particles, given that the position of
one of the two is reversed as well (5§17 — —3&», §o — §1). This could lead to an aging behavior
similar to the one found for reciprocal coupling, but with oscillations between “attached” and
“anti-attached” states.

7.5 Conclusions

In this chapter, we have described some preliminary results on the effect of a non-reciprocal
coupling on pairs of aging systems. A general remark, which will also be relevant for the next
chapter, is that the phenomenology strongly depends on whether the single system is invariant
under reversal of all its degrees of freedom. In fact this invariance generates an “equivalence”
between the two parts, and allows for rotations in phase space that would otherwise not be
possible.

For two non-reciprocally coupled O(N) models we find that aging is not destroyed by the
coupling, but simply dressed by oscillations. This is exactly what we have already seen in the
case of the spherical SK model. This is not a coincidence, and is linked to the formal similarity
between the aging behavior in these two systems.

In the case of the p-spin model, we conjecture that aging is always destroyed. However, since
aging is interrupted on timescales that diverge much faster than 1/, this wouldn’t be visible
if we observed the system only until moderate times, and in particular it is not visible in the
available numerical simulations. For odd p the systems always decorrelate from initial conditions
and undergo chaotic dynamics. For even p there is instead a phase transition between a chaotic
phase and a phase in which the systems rotate indefinitely in the plane spanned by their two
random initial conditions. The mechanism enabling this long memory in the presence of thermal
fluctuations is still not well understood, and would deserve further investigations.

We also propose to consider two non-reciprocally coupled trap models to study the effect of
non-reciprocity on activated dynamics. We describe a coupling scheme that leads to a non-trivial
modification of the phase diagram in the reciprocal case, and propose some scenarios for the
behavior of the non-reciprocally coupled systems.
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Chapter 8

Relevance of non-reciprocity at a
phase transition

In this Chapter, we investigate under which conditions the introduction of a non-reciprocal
perturbation can dramatically change the behavior of a system undergoing a phase transition.
The presented results were obtained in collaboration with David Martin, Yael Avni, Daniel
Seara, Michel Fruchart and Vincenzo Vitelli, and they will be the subject of a forthcoming
publication [4].

8.1 Introduction

In non-equilibrium systems, microscopic components can interact in a non-reciprocal way: the
effect of A on B need not be equal to the one of B on A. Such interactions arise across a wide
range of systems, including predator-prey dynamics [292, 340] excitatory-inhibitory neuronal
circuits [341,342], open quantum systems [343, 344] and socially-driven human dynamics [345].
Non-reciprocal interactions have been identified as a key mechanism driving a variety emergent
behaviors, among which the formation of traveling waves [282,283] and time crystals [291] or the
presence of odd elasticity [303,346]. In many-body systems, non-reciprocity can strongly affect
phase transitions, as was recently shown for non-reciprocal versions of the Ising model [291]
and as we discussed in the previous chapters for the spherical Sherrington-Kirpatrick model
and other aging systems. In these models, non-reciprocity either completely destroys the phase
transition (two dimensional Ising), changes its universality class (three dimensional Ising) or
dresses the ordered state with persistent oscillations (spherical SK). In other systems, however,
the introduction of non-reciprocity seems to have no effect. This is the case for a pair of coupled
three-dimensional Ising models, with some finite reciprocal interactions and small non-reciprocal
ones [304]. Despite these recent results, there is yet no generic understanding of when does the
addition of non-reciprocal interactions change the critical properties of the system.

To answer this question, we propose a set of simple criteria, summarized in the table in Figure
8.1, to determine the relevance of infinitesimal non-reciprocity on a phase transition. These
criteria only depend on the critical properties of the unperturbed system, and in particular on
its critical exponents in the absence of non-reciprocal interactions. This is similar in spirit to
the Harris criterion [347,348], which was derived to assess whether the critical behavior of the
Ising model at the ferromagnetic transition would be modified by the addition of a local random
perturbation in the inter-spin interactions. In the Renormalization Group (RG) framework, this
corresponds to asking whether the critical fixed point is stable with respect to the perturbation.
As in the case of the Harris criterion, our criteria allow us to predict if the phase transitions
will be modified, but they do not determine how: the universality class could change, or the
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Chapter 8: Relevance of non-reciprocity at a phase transition

transition could be completely destroyed.

As in the previous chapters, we will consider pairs of identical systems, and add non-
reciprocal interactions between corresponding components. The setup is sketched in Figure
8.1. Since we are interested in the critical behavior of these systems, we will work with field
theories that describe the coarse grained dynamics of the local order parameters.

Before considering non-reciprocal interactions, we review the classical Harris criterion. We
will derive it through a dynamical approach which allows us to generalize the criterion to non-
equilibrium systems.

Ji K, +K_
K a 4
tottte
L "/
L Jiz K, —-K_
System Perturbation Irrelevant if Conclusion
One field (Harris [347]) Random ¢6J vd > 2 Depends
Uncoupled identical fields 0K _ v<0 Relevant v/
K+:K—:0, JIZJQ
Uncoupled non-identical fields 0K _ Always Not relevant
Ky=K_=0,11#J
Reciprocally coupled fields 0K_ Always Not relevant v/
Ky #0,K_=0,J1 =J,
Uncoupled identical fields Random 0K _ vd > 44 Not  relevant
K=K =0,J1=J for 3D Ising
Non-reciprocally coupled fields Random 0K _ vd > 2 Not  relevant
K,=0,K_#0,J1=J, for swap

Figure 8.1: Top: Schematic drawing of a two coupled Ising model that our results apply to.
Bottom: Summary of the results. The first line is the Harris criterion. A checkmark (v') indi-
cates results we have numerically tested.

8.2 Non-equilibrium Harris criterion

The general idea, applicable to both Harris and our case, is to introduce a small perturbation
and compute the correction it induces to the order parameter. Its scaling when approaching
the phase transition can in many cases be estimated in terms of the critical exponents of the
unperturbed system. If this correction is small compared to the unperturbed order parameter,
the critical behavior will remain unchanged, otherwise it might be modified. This approach does
not require the system to be at equilibrium, as the correction can be computed directly from
the dynamics of the system. This allows us to generalize the classical Harris criterion to non-
equilibrium systems. This approach is similar to the one used in Reference [349] to generalize
the Harris criterion to arbitrary spatio-temporal disorder.

Harris consider a d-dimensional Ising model with ferromagnetic interactions to which he
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8.2. Non-equilibrium Harris criterion

added a small, random perturbation [347]. The critical behavior of the Ising model is described
by the field theory:

B = V26— V'(¢) +1 , (8.1)

where V(¢) is a double-well potential function and 7 is a Gaussian white noises with amplitude
T. A local perturbation in the inter-spin coupling would result in a perturbation of the Laplacian
term. However, we can equivalently consider some random variations of the mass term dm(x):

01 = V2 = V'(¢) + 1+ dm(x)¢ . (8.2)
The Gaussian disorder dm(x) is d-correlated in space:
dm(x)om(x’) = §o,0(x — x') . (8.3)

The overline indicates averaging over quenched disorder. Using the Martin-Siggia-Rose-De
Dominicis-Janssen (MSRDJ) approach [175-178], the probability of observing a given config-
uration of the field can be expressed as:

P{sp = [ DigleS s (84)

where ¢ is an auxiliary field. The action S can be decomposed as

with Sp being the action in the absence of perturbations and S containing terms that derive
from the perturbation:

§0=6 (06~ V26 + V'(9) + 587 (3.6)
68 =0m(x) o . (8.7)

To see whether the perturbation modifies the critical properties of the system, we compute the
correction to the order parameter, the average magnetization (¢(x,t)), to first order in do,,.
Expanding the exponential of the action, we obtain at first order:

(O, 0) = [ DGOk, e [ s (1 + [ 53\X,,t,dx’dt'> + 00 . (8.8)

We will omit the O(602,) in the following, all computations will be to first non-zero order in the
perturbation. The first term is the unperturbed average value of the observable, the second the
first order correction we are interested in. Indicating with (-)g the average with respect to the
unperturbed action, we can express it as:

5(0(x, 1)) = —(O(x, 1) / 58 wdx'dt')g . (8.9)
Using the form of the perturbation of the action, the correction can be rewritten as:

5(O(x, 1)) = — / sm(x')G(x — x')dx | (8.10)

where G(x — x') = <§g((;{/))>0 is the response function of (O) when perturbing it with a local
variation of the linear term. Since dm is a random variable, the first order correction will also
be random. Its average is equal to zero, to obtain its typical size we can compute its variance:

5O = 5afn/G(x)2dx , (8.11)
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The response function G can be shown to scale, near the transition, as [350]:

Glx) ~ €700 (X)) (8.12)

where 3 is the exponent characterizing the critical behavior of (O) ~ |T—T,|?, ¢ is the correlation
length, and v is the critical exponent describing its divergence, { ~ |T' — T,.|7". Inserting this
expression in (8.11) we obtain that the typical size of the correction is:

\VO{O)2 ~ b0, |T — Tp| /251 (8.13)

Comparing this correction to the behavior of (O) in the pure system, we see that the correction
will be dominant if

dvj2<1. (8.14)

This is the Harris criterion. We have never used the fact that the system is at equilibrium. In fact,
the same derivation can be used to determine the stability of a generic (even non-equilibrium)
symmetry-breaking phase transition with respect to a perturbation that locally favors one of
the two phases (the symmetric or the symmetry-broken one) over the other, without explicitly
breaking the symmetry of the system.

Note that also a perturbation that only changed the critical point of the transition would
lead to a dominant correction, without affecting the critical behavior. For example, a deter-
ministic perturbation édm > 0 would simply lead to a shift of the critical point, but would
similarly generate a strong correction of the order parameter. Here, symmetry guarantees that
the perturbation does not shift the critical point to first order. Indeed, since the distribution of
dm is symmetric around 0, reversing the sign of the perturbation leaves the system unchanged.
Therefore we would expect a shift in the critical temperature to be at least quadratic in the
perturbation amplitude.

8.3 Non-reciprocal coupling of two uncoupled systems

7N

RS e

(a) A single system. (b) Two uncoupled systems. (¢) Two NR coupled systems.
Here, O(2) symmetry Here, O(2) x O(2) symmetry Here, O(2) symmetry

Figure 8.2: Illustration of the symmetries of our problem. (a) The single field is invariant un-
der a certain symmetry, which will be spontaneously broken at the phase transition. Here we
consider rotations in the plane (O(2) symmetry). (b) Two uncoupled fields can be rotated in-
dependently. (c) Two (non-reciprocal) fields are only invariant under the simultaneous rota-
tion of both fields. Green and red arrows indicate non-reciprocal interactions, blue arrows the
symmetry transformation.
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The simplest system with non-reciprocal interactions is composed of two species. We first
focus on the case in which the two species are identical and independent before the introduc-
tion of non-reciprocity. Both species are described by a field with a given symmetry, which is
spontaneously broken at the phase transition point (Figure 8.2a). Two uncoupled fields have a
larger symmetry group, since we can independently transform each of them (Figure 8.2b). As
soon as we introduce (non-reciprocal) interactions, however, the system is only invariant under
the simultaneous rotation of both fields (Figure 8.2¢): it therefore has the same symmetry as a
single field. We can then ask whether the phase transition that will break this symmetry would
be the same as the one in the original model. For the described class of systems, we will show
that the introduction of non-reciprocity strongly affects the phase transition if the susceptibility
of the system diverges when approaching the critical point. This is the case for most physical
systems, and in particular for all the equilibrium ones.

Even though our results hold more generally, let us consider for concreteness two Models
A [351]. A natural way to introduce non-reciprocal interactions is by adding to the evolution of
each field a term linear in the other, with opposite signs:

o1 = V2p1 — V'(¢1) +m + h1 + 6K _¢o

) , (8.15)
Orpr = Voo — V' (¢2) + 12+ ho — 6 K_¢y

¢1 and ¢ are two real-valued fields, n; and 7 are Gaussian white noises of amplitude T', hy
and ho are fields that we will use to compute response functions and we will take to zero at
the end of the derivation. V(¢) is a symmetric double-well potential. The coefficient 0K _
characterizes the strength of the non-reciprocal coupling; we will assume it to be small, and
treat it as a perturbation. In systems that are symmetric under inversion, this choice of the
non-reciprocal interaction maintains the equivalence of the two fields, because the system is
symmetric under the exchange of the two fields and the reversal of one of the two (¢1 — ¢o,
¢2 — —¢1). This ensures that the fields still have the same critical point after the introduction
of the non-reciprocity. This unique critical point cannot be shifted at linear order in dK_.
Changing the sign of the perturbation § K_ is equivalent to exchanging the identities of the two
fields, and therefore cannot change the properties of the system. If the critical point was linearly
shifted by the perturbation, a reversal of the perturbation would reverse this shift. Since this
cannot happen, such a shift must be at least of order  K2. As in the case considered by Harris,
we are therefore ensured by the symmetry of the system that if we find a linear correction of
the order parameter this does not derive from a trivial shift of the critical point.

Using the Martin-Siggia-Rose-De Dominics-Janssen (MSRDJ) formalism, we can express the
joint probability of observing a given configuration of the two field as

P ({61,601) = [ Dlb, dale S 25 (5.16)

where ¢; are auxiliary response fields. The action S can be decomposed in an unperturbed part
and a perturbation:

S = Sol1, b1] + Solp2, p2] + 6S[1, P1, P2, P2 - (8.17)

The unperturbed part Sp, which acts independently on the two fields, is the same as in the
previous section, Eq. 8.6. The perturbation is given by:

0S8 =0K_ (<§1¢2 - <732¢1) . (8.18)

To see whether the perturbation modifies the critical properties of the system, we compute the
average magnetization of one of the two fields (¢1(x,t)), to first order in §K_. Expanding the
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exponential of the action, the correction can be written as:

51 (%, ) = — (1 (x, 1) / 58 pdx'dt')o . (8.19)

We have again indicated with (-)o the average with respect to the unperturbed action. Using
the form 08, we obtain:

Yo . (8.20)

x/ t!

5(610x,8)) = 0K (x,0) [ (6162~ Gun)

x/t!

Because under the unperturbed dynamics the two fields are independent, we can average them
separately. Since (¢2)¢ = 0, only the first term contributes. Using

§{¢i(x,1))o

i (x, 1) (X, 1))g = 2200 , 8.21
(@il B0t = B (8.21)

and that the integral of this response function gives the susceptibility y, we find:
0(¢1) = —0K_(¢2)ox - (8.22)

We need to compare the scaling of this correction with the one of the unperturbed order
parameter when 7" — T.. Because the correction is proportional to (¢;)o and the two fields
are identical before the introduction of the perturbation, the correction will dominate as long
as the susceptibility diverges at the transition. This is generally the case, and in particular
always holds for systems that were in equilibrium before the introduction of the perturbation.
Calling v the critical exponent describing the divergence of the susceptibility at the transition,
our first criterion tells us that the perturbation can modify the critical behavior of the system
when v > 0.

This result is confirmed by numerical simulations of two non-reciprocally coupled Ising mod-
els [291]: in 2D the transition to order is destroyed while in 3D the ordered phase exhibits
persistent oscillations (“swap” phase in Figure 8.3a) and the critical exponents are significantly
modified, becoming compatible with the ones of the XY transition (see Figure 8.4).

0.8+t g
o)
, 5
g 2 |
0.4t A g
0Ot
Static-order —
J J
(a) K+:O (b) K+>O

Figure 8.3: Phase diagram of the non-reciprocal Ising model in three spatial dimensions, re-
produced from [304]. (a) If the reciprocal component of the interactions (K ) is zero, the in-
troduction of an infinitesimal amount of non-reciprocity changes the nature of the transition.
(b) In the presence of a reciprocal component of the interactions (K > 0), the transition to
static order is not modified by the introduction of weak non-reciprocal interactions.
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NR Ising NR Ising B
[ | I [ | v [ I I | v
a . . b . i
( ) 0.6 Ising XY 0.8 ( ) 0.6 Ising XY 0.8
NR Ising NR Ising B
[ | I | v [ I I | v
1.1 Ising XY 1.5 1.1 Ising XY 1.5
NR Ising NR Ising B
[ | i | | B [ I | I | B
0.3 Ising XY 0.4 0.3 Ising XY 0.4

Figure 8.4: Critical exponents of the 3D non-reciprocal Ising model (red), with (a) K4y = 0
and 0K_ = 0.1 taken from Ref. [304] and (b) Ky = 0.5 and 0K_ = 0.1, which results from a
new calculation. Results are obtained using finite-size scaling, as described in Ref. [304]. Stan-
dard deviation is represented by a semi-transparent red rectangular. The values of the critical
exponents in the 3D Ising model and in the 3D XY model critical exponents are shown in blue
and green, respectively, for comparison. Without reciprocal coupling, non-reciprocal coupling
changes the universality class of the phase transition, while with a reciprocal coupling, non-
reciprocity (when weaker than the reciprocal coupling) does not change universality class, in
agreement with our analytical results.

Note that we have never used the form of the unperturbed action. Indeed our results hold
for all systems that are symmetric under inversion, and that have a continuous phase transition
which can be detected by studying a local order parameter. The precise symmetry conditions
required for the validity of our results will be formalized in the next section. This class of systems
includes for example O(N) models for any value of N, but also non-equilibrium systems such
as the incompressible Vicsek model. In all such systems, the phase transition to the ordered
phase would be strongly modified by the introduction of non-reciprocity. In the case of the
O(N) model, this has been recently confirmed by a renormalization group analysis [294, 295].
These works show that the equilibrium critical point is destabilized by any infinitesimal non-
equilibrium drive. With our approach, the same result is obtained through a much simpler
computation. Moreover, it applies to a broader class of systems, though under a more specific
form of the perturbation.

8.3.1 Symmetry requirements

Let us consider a system whose dynamics can be described, under the MSRDJ formalism, by an
action Sp(¢, qz@) ¢ is not necessarily scalar anymore. We will suppose that the action is invariant
under a symmetry group G, meaning that VR € G, So(R(¢, d)) = So(¢, ¢). We only consider
symmetry groups that contains the inversion operation (¢, g%) — (—0, —g?)); examples include the
O(N) symmetry, but also the dihedral group D,, for n even (the symmetry group of a regular
polygon with n sides), which characterizes the “clock model” [352,353]. We also suppose that
the system undergoes a phase transition, after which the considered symmetry is spontaneously
broken.

We then consider two identical copies of the system, ¢ and ¢s. If they are not coupled,
their dynamics is described by the sum of the two actions,

So(1, b1, 2, 92) = So(d1,b1) + So(¢2, d2) - (8.23)

This action is clearly invariant under the exchange of the two fields:

So(¢1, 61, b2, d2) = So(¢2, b2, b1, 1) (8.24)
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and under the independent transformation of each of the two fields:
VR1,R2 €G, So(Ri(d1,91), Ra(d2, $2)) = So(1, b1, 2, b2) - (8.25)

We now consider a perturbation 6S(¢1, ggl, o2, §£2) that respects the following conditions:

1. After the perturbation, the system is still invariant under a simultaneous transformation of
the two fields. This can be imposed by requiring that VR € G, §S(R(¢1, 1), R(p2, p2)) =

5S(¢1, P1, da, b2)

2. After the perturbation, the system is not invariant under two independent transforma-
tions of the two fields, meaning that IR, Re € G such that dS(R1(¢1, d1), Ra(d2, d2)) #

5S(¢17 lea ¢27 ng)

3. The two fields are still “equivalent” after the perturbation, in the sense that their identities
can be exchanged if a transformation belonging to the symmetry group is applied to one
of the two: AR € g such that (58(¢2, ¢2, ¢1, ¢1) = 5S<R(¢1, ¢1), ¢2, ¢2)

4. Exchanging the two fields changes the sign of the perturbation,
0S(d2, P2, 01, 91) = —0S(d1, P1, P2, P2)

5. 4S8 is an analytic function of its arguments

The first two conditions ensure that the system has the same symmetry as one of the two original
fields. The last 3 conditions ensure that the perturbation doesn’t shift the critical point at linear
order. The two fields are still equivalent, so we expect them to have the same critical point (see
the next section for the discussion of a case in which this condition is violated). This unique
critical point is not shifted at linear order: we expect the shift to be analytic in the parameters
defining the perturbation, since the perturbation is analytic, and a reversal of the perturbation
leads to an “equivalent” system (i.e. only exchanges the labels of the two fields), so that as in
the previous case the shift must be at least quadratic.

We conjecture that for all systems and perturbations that respect the above conditions, the
introduction of the perturbation is relevant whenever the susceptibility diverges at the phase
transition. A proof based solely on the system’s symmetries is currently in progress.

In systems with O(N) symmetry, a quite general form that can be taken by the perturbation
of the action is:

0S =d0K_ <¢A51¢>2 - $2¢1> f (Qﬁa 3, (<$1¢2 - $2¢1>2> : (8.26)

where f is any analytic function that is symmetric under the exchange of the first two arguments.
For such a form of the perturbation, we can use scaling arguments to show that the dominant
contribution is the same as in the simpler case considered in the previous section. Let us consider
for example f = ¢ + #3. This corresponds to the following perturbed dynamics:

Orpn = V21 — V'(¢1) + 11 + ha + 6K 6o (83 + 63)

) ) ) ) (8.27)
Oupo = Vs — V() + 12 + ha — 6K_¢1 (63 + 63)
We can compute as before the correction to the order parameter:
- !yl n in 2 2
6{¢1(x,t)) = =K _(¢1(x', 1) // . (¢1¢2 - ¢2¢51) (<251 + ¢2) )o - (8.28)

x/t!
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As before the averages can be computed independently for the two fields. The terms with qug
do not contribute, because (Zgg(x,t) corresponds to the response to a perturbation at a time
infinitesimally successive to t, and therefore <¢A52¢>%|x,7t/>0 = 0. Since ¢? and ¢ are not critical
fields, they do not change the critical behavior of the dominant term. As in the previous case,
the perturbation is then relevant whenever the susceptibility diverges.

8.3.2 Directed percolation

To see what happens if the system lacks the reversal symmetry, let us consider the case of
Directed Percolation. This well-studied statistical physics model, which we have already en-
countered in Section 2.4.1 and in Chapter 4, is used to describe spreading phenomena such as
forest fires or epidemics, or particles reproducing and annihilating on a lattice. It undergoes an
out-of-equilibrium phase transition between an active and an inactive phase. Any phase tran-
sition with a unique absorbing phase is conjectured to fall in the universality class of directed
percolation.
The Langevin equation of motion for the density of particles is [89]:

Oip = V2p+mp— Ap® + \/pn (8.29)

71 is a white Gaussian noise with amplitude 7T'.

In the case of Directed Percolation, a natural way to introduce non-reciprocal interactions
between two species is via a quadratic term: the two species interact only if both are present.
The model becomes then equivalent to a Lotka-Volterra system with space and demographic
fluctuations.

Oypr = V2p1+mpr — Api + /pim + 0K _pips (8.30)
Orpa = V?pa +mpy — Aph + \/p2are — SK_p1ps - (8.31)

Note a crucial difference with respect to the previously studied case: the p; are densities, and as
such must be positive. This means that the system is not symmetric under the inversion of the
two fields, and we cannot exchange the identities of the two species by reversing one of the two
fields. The two species therefore need not be equivalent, and in particular there is no guarantee
that they have the same critical point. Indeed what we expect to happen in this case is that
the species that is unfavored by the interaction (the “prey” if we think of Lotka-Volterra) will
encounter the transition to the absorbing phase before than it would have in the unperturbed
case. After that, the “predator” undergoes the same transition as in the unperturbed case, since
the interaction term is zero if the other species is not present. Our criterion is therefore not
applicable to this case.

It could be possible to recover the equivalence between species by considering three of them,
with cyclic non-reciprocal interactions, forming a rock-paper-scissors game [354,355]. Our cri-
terion could be generalizable to this case, but we leave this perspective open for future studies.

8.4 Generality of the approach

The method presented here, which we have already used to derive both the Harris criterion and
our non-reciprocal one, can be applied to assess whether a generic perturbation will change the
critical behavior of a phase transition. The essential steps are: (i) writing down the MSRDJ
action and its perturbation for the system of interest; (ii) assessing whether the perturbation
will shift the critical point (iii) computing the first order correction of the order parameter (iv)
express its scaling in terms of the unperturbed critical exponents (v) compare the correction to
the unperturbed order parameter.
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To elucidate the generality of our approach, we will now apply it to several other relevant
cases of non-reciprocally coupled systems. The different cases we will consider are summarized
in Fig. 8.1,where K| and K_ refer respectively to the symmetric and antisymmetric components
of the interactions.

8.4.1 Two critical points

What happens if the two fields have different critical points, for example two different critical
temperatures? Let us suppose that ¢, is the first to encounter the symmetry-breaking transition.
We can carry out the same computation for the correction to (¢;) as in the previous case, arriving
again at Eq. (8.22). Nevertheless, around the transition of ¢1, ¢o would still be deep in the
disordered phase, so that (¢2)0 = 0, and there would be no correction at linear order in 6K _.
In general, the coupling to a subcritical field is an irrelevant perturbation, this also holds in the
non-reciprocal case.

8.4.2 Reciprocally coupled fields

In the previous section, ¢1 and ¢9 were independent in the absence of the perturbation. We will
now show that this assumption is crucial: in the presence of a finite reciprocal coupling in the
unperturbed field theory the criterion is strongly modified and the addition of non-reciprocity
is irrelevant in most physical cases. We consider two fields with a finite reciprocal coupling
K and a infinitesimal non-reciprocal one d K_. They are described by the following dynamical
equations:

Ohpr = V21 —V'(¢1) +m + hy + (K4 + K)o

o2 3 (8.32)
Oppa = V=g — V'(¢2) +m2 + ha + (K4 — 0K_)¢1

= _a

For simplicity, we consider a quartic potential V(¢) = —%¢* + %gf)‘l for the remainder of this
section, but we expect our results to hold more generically.

We first review what happens without the non-reciprocal perturbation. Two uncoupled ¢*
theory have 4 equivalent minima of the energy: each field can independently have positive or
negative magnetization. The introduction of J partially lifts this degeneracy, because the states
with same-sign magnetizations are now favored. When lowering the temperature, the system will
undergo a phase transition in which one of the two aligned states will be selected. Because the
phase transition breaks the Zo symmetry between these two favored configurations, we expect
it to fall in the Ising universality class. The natural order parameter for this phase transition is
the sum of the two fields. We thus define

_P1+ 2 ’ cp:¢1_¢2 . (8.33)

V2 V2

Rewriting the dynamical equations in terms of ¢ and ¢ yields

33
¢’ 3

where 7y, and 7, are Gaussian white noises with the same statistics as 71 and 7. When dK = 0,
Y and ¢ are only coupled through a cubic term. Neglecting this, we have two uncoupled ¢*
theories that only differ for their linear term, leading to two different transition points. 1 has
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a larger linear term, therefore it will be the first to undergo the Zs-symmetry-breaking phase
transition, as we expected. The cubic term that couples 1) to ¢? is irrelevant for the critical
properties of the system, since we already know it has to fall in the Ising universality class.
To see that, let us separate ¢? as ¢ = @3 + @, where ¢ is a constant part while ¢ are the
fluctuations around ¢3. 3 will simply shift the transition point for ©». When 1 undergoes
the phase transition, ¢ is still subcritical: as such the fluctuations ¢ do not exhibit long range
correlations and therefore will not change the large scale properties of the system.

The new fields ¥ and ¢ are coupled anti-symmetrically by the perturbation, the system
thus falls in the category considered in Section 8.4.1. We can therefore use the results of the
previous section to conclude that adding a non-reciprocal perturbation on top of finite reciprocal
interactions is an irrelevant perturbation.

This prediction is confirmed in numerical simulations of the non-reciprocal Ising Model per-
formed in [291]: the addition of a reciprocal coupling between the two species of spins indeed
leads to the re-stabilization of the paramagnetic to ferromagnetic transition (see the phase di-
agram in Figure 8.3b). We have measured the critical exponents of this phase transition in 3
dimensions', and they are very close to the Ising ones, albeit not always within errorbars (Figure
8.4). This is probably due to an underestimation of the errors.

8.4.3 Random perturbations

The dynamical procedure to evaluate the relevance of a non-reciprocal perturbation can be used
also for random ones, as we have already done to derive the Harris criterion.

Uncoupled fields case

We now consider as a perturbation a space-dependent random antisymmetric interaction 6 K_ (x),
coupling ¢;(x) and ¢2(x). IK_(x) is Gaussian distributed with mean zero and delta correlations
SK_(x)6K_(x') = 602%.5(x — x'); the overbar indicates an average over the quenched disorder.

As before, we can use the MSRDJ formalism to expand the correction to the order parameter
(¢i) in powers of the interactions. Because of their randomness, the correction will also be a
random quantity. Since the random interactions are centered in 0, the correction at linear order
will average to 0. Its variance is given by:

8¢2($, t)
Ohi(a/, t")

(pi(z, )%, ~ €<¢j><2)/ 09i(x, 1) )of )o -

ot Ohi(x! 1)

Close to the critical point, the response function scales as [350]:

0¢i(x,t) gy (-2 t—t
<m)o—f +'ff( £y ) (8.36)

Plugging this form in the integral we find:
(@i, )2, ~ e(T = T 727 ~ (T = T) 071 (8.37)

To determine whether the perturbation is relevant, we need to compare the standard deviation
of the correction to the unperturbed order parameter. We find that the introduction of random
non reciprocal interactions is relevant if:

26 — %d 0. (8.38)

!The numerical simulations of the non-reciprocal Ising model were performed by Yael Avni.
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Chapter 8: Relevance of non-reciprocity at a phase transition

This inequality is not satisfied by the 3D Ising model, therefore in that case the universality
class will not change.

Our computation can be generalized to non antisymmetric interactions, i.e. to the case in
which the system is perturbed by two random interactions coefficients § Kj2(x) (for the effect of
@2 on ¢1) and d K91 (x) (for the effect of ¢; on ¢2). We find that the scaling of the correction is
unchanged, for any value of the correlation coefficient between 0 K12(x) and d K1 (x). Indeed the
result we found is the same that would be obtained from an equilibrium treatment of random
symmetric interactions, but our dynamical approach allowed us to generalize it to an out-of-
equilibrium case.

Non-reciprocally coupled fields case

We now consider the case of antisymmetric interactions with a finite constant component K_
and a random, inhomogeneous perturbation 6K _(x), where 6K_(x) is as before a Gaussian
quenched variable, d-correlated in space. In Section 8.3 we showed that, without the randomness,
the introduction of the constant non-reciprocal coupling K_ changes the critical behavior with
respect to the case K_ = 0. In the case of the 3D Ising model, the addition of a nonzero
K_ leads to the non-reciprocal Ising Model [291,304] where the paramagnetic to ferromagnetic
transition is replaced by a transition to an oscillating phase, dubbed swap phase, that breaks
time-translational invariance [291,292]. The phase diagram from [304] is reproduced in Figure
8.3a. In this swap phase, the fields ¢ and ¢o homogeneously oscillate in time, without exhibiting
any decay in synchronization: they form a perfect time-crystal. The order parameter quantifying
this transition to oscillations is the momentum £ = <q51gb2 — q32¢1>. The phase transition is
believed to fall in the XY universality class. All the critical exponents have been measured and
agree with the XY values within uncertainty [291] (see Figure 8.4).

The transition from the disordered to the swap phase can be triggered by lowering the
temperature, by increasing the intra-species couplings, or by decreasing the non-reciprocal in-
teractions K_ (see Figure 8.3a). Since the transition can be triggered by a change in K_, the
perturbation § K_(x) locally shifts the distance from the critical point. It does not break chiral
symmetry, which is the symmetry that will be broken at the transition. Therefore its relevance
can be evaluated with the Harris criterion, thanks to the fact that we have proved its validity
also for non-equilibrium systems: it will be relevant if %d < 1. If the system does indeed fall in
the XY universality class, in 3 dimensions the perturbation is irrelevant.

8.5 Conclusions

In conclusion, we have developed a series of criteria on the critical exponents of a generic phase
transition to determine whether perturbing the system with non-reciprocal interactions can
modify its critical behavior. As for the Harris criterion on the relevance of disorder at a phase
transitions, our criteria are expressed in terms of the unperturbed critical exponents. The class
of systems we considered are bipartite field theories that can be either coupled (reciprocally or
non-reciprocally) or uncoupled in the absence of the perturbation. The systems are perturbed
by non-reciprocal interactions between the two parts, which can either be homogeneous or
random in space. Our results are summarized in the table in Figure 8.1. We find that for
homogeneous interactions the result crucially depends on whether the two field theories are
reciprocally coupled before the perturbation: in the uncoupled case the perturbation is relevant,
if they are reciprocally coupled it is irrelevant. These findings are confirmed by the numerical
results reported in [291]. We also considered spatially heterogeneous non-reciprocal interactions.
If the fields are uncoupled before the perturbation, this turns out to be relevant if 25 —vd/2 < 0.
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If they are non-reciprocally coupled we find the same result as in the original Harris criterion:
relevance of the random perturbation for vd/2 < 1.
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Chapter 9

Conclusions and perspectives

Biological systems are inherently complex and operate far from equilibrium — features that are
crucial to the rich emergent behaviors observed in nature. These systems often also display
multiple levels of organization, in which case they can be described as networks of coupled com-
plex systems. This hierarchical structure [8,15], which may also be relevant outside biological
contexts [9], gives rise to both unique theoretical challenges and intriguing emergent phenomena.
In this thesis, I have described two classes of systems composed of interacting complex com-
ponents: diverse ecological meta-communities and pairs of complex systems coupled through
non-reciprocal interactions, which I introduced respectively in Chapters 2 and 5.

The main analytical tool throughout the thesis was Dynamical Mean Field Theory, which I
described in Chapter 3. DMFT provides an effective description of many-body systems in term of
the dynamics of a single degree of freedom, coupled to an additional noise source. When applied
to ecological systems, DMFT allows us to bridge the gap between complex ecological models
and single species stochastic descriptions, offering insights into why these two perspectives of-
ten yield similar results. I leveraged this mapping to derive the species abundance distribution
under a number of simplified dynamics. I also proposed an approximate solution scheme for
the dynamical phase, which could enable the study of chaotic dynamics in a spatially extended
ecosystem. In Chapters 4, 6 and 7, I have generalized DMFT to systems with two levels of
organization. Instead of obtaining an effective dynamics for a single degree of freedom, the re-
sulting description involves multiple degrees of freedom: infinitely many in the case of ecological
meta-communities, and two in the case of non-reciprocally coupled complex systems.

In Chapter 4, I studied a model that combines ecological dynamics, heterogeneous inter-
actions and spatial structure, uncovering a novel mechanism for the survival of diversity-rich
ecosystems in the presence of demographic fluctuations. For a single species, one finds a continu-
ous phase transition between an extinction and a survival state, which falls into the universality
class of Directed Percolation. The same is true in the case of many species with constant com-
petitive interactions. The introduction of heterogeneity in the interaction network generates
instead a richer behavior, with two distinct regimes in the transition from survival to extinction.
In the presence of sufficiently strong demographic noise, the system exhibits behavior akin to the
single-species case, undergoing a continuous transition. Conversely, at low demographic noise,
the transition becomes discontinuous and the system exhibits novel features, that are a signa-
ture of the ecosystem’s complexity. The combined effects of the heterogeneity in the interaction
network and migration enable the community to thrive even in situations where demographic
noise would lead to the extinction of isolated species. This is possible thanks to the spontaneous
emergence of mutualistic interactions, due to the exclusion of strongly competing species from
the community. The emergence of mutualism induces the development of global bistability, ac-
companied by sudden tipping points. I proposed a way to predict the catastrophic shift from
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high diversity to extinction by probing responses to perturbations as an early warning signal.

In Chapter 6 I studied pairs of complex agents, whose internal dynamics I modeled by a
spin-glass, coupled by non-reciprocal interactions. Glassy systems do not reach equilibrium
even on very long time scales: their dynamics exhibits instead a dramatic slowdown known as
aging. While it was long believed that any amount of non-reciprocity would destroy glassiness
in marginal models, I demonstrated that the outcome strongly depends on the structure of the
system. Specifically, I considered a bipartite many-body spin-glass system with random sym-
metric interactions in each part, and fixed antisymmetric interactions between the two parts. 1
uncovered a finite temperature non-reciprocal spin-glass transition between a static disordered
phase and a time-dependent amorphous phase. At low temperature, the system undergoes
a “non-reciprocal aging” dynamics, characterized by both slow dynamics and oscillations. The
mechanism underpinning the destabilization of the usual spin-glass in favor of the non-reciprocal
one is a spectral singularity called exceptional point. The inversion symmetry that is sponta-
neously broken at long times in the usual spin-glass phase is dynamically restored, and replaced
by a spontaneous breaking of chiral symmetry. Asymptotically, the system rotates in the plane
of the two lowest energy modes of the uncoupled system. Interestingly, these phenomena are
destroyed if the non-reciprocal coupling are randomly sampled from a continuous distribution,
whereas they persist if the distribution is restricted to a finite set of discrete values. These two
cases correspond indeed to two distinct physical scenarios, with “microscopic” versus “macro-
scopic” non-reciprocity.

In Chapter 7 I presented some preliminary results and ongoing works on the impact of
non-reciprocity on the dynamics of other aging systems. Non-reciprocal aging, combining slow
dynamics and oscillations, also occurs in the coarsening dynamics of two non-reciprocally coupled
O(N) models. I conjecture that aging is instead always interrupted in the p-spin model, but
on a timescale that diverges very strongly at small non-reciprocity. For even p, I find a phase
transition between a chaotic phase, in which the system decorrelates from initial conditions and
becomes time-translationally invariant, to an oscillating phase, in which it rotates indefinitely
in a plane set by the initial conditions. The existence of this oscillating phase requires an even
p, as this guarantees the symmetry of the single-system energy landscape under inversion. I
also propose how to couple two trap models to study the effect of non-reciprocity on activated
dynamics.

In Chapter 8, I studied the effect of non-reciprocal interactions on the critical behavior of
pairs of systems undergoing a phase transition. I developed some criteria on the critical expo-
nents of the unperturbed systems to predict whether the critical behavior would be modified by
different kinds of infinitesimal non-reciprocal perturbations. For uniform non-reciprocal interac-
tions, the perturbation is relevant whenever the susceptibility diverges at the phase transition,
as confirmed by numerical results on the non-reciprocal Ising model. If we consider instead spa-
tially heterogeneous random perturbations, I find a different non-trivial criterion on the critical
exponents. The procedure is quite general, and also allows one to generalize the Harris criterion
on the relevance of disorder at a phase transition to non-equilibrium systems.

I would like to conclude this thesis by outlining some promising directions for future research.
The behavior of spatially-extended diverse ecosystems in the strong heterogeneity regime is
still poorly understood. In the symmetric interactions case, a single community performs an
aging dynamics in a complex landscape with an exponential number of equilibria. Considering
a network of local communities coupled in space by migration could have a strong impact
on this aging dynamics. Starting from independent initial conditions, different communities
could explore different equilibria, which could then coarsen in competing patches with similar
compositions. The possibility for equilibria to propagate in space could lead to an increased
relevance of solutions that are very stable but have a small basin of attraction. Beyond its
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ecological relevance, such a system would be quite interesting also from the disordered systems
perspective: each local community would correspond to a “real replica” of a spin-glass with the
same disorder, all coupled in space by the migration.

In the case of non-symmetric interactions, aging is replaced by chaotic dynamics. In a single
community, in the presence of finite immigration, the abundances of all species fluctuates over
several orders of magnitude. Without immigration, if we consider a finite extinction threshold,
the fluctuations lead to the progressive extinction of some fraction of the species, until the
diversity decreases enough to allow for a marginally stable (but invadable) equilibrium. In
a spatially extended system, unsynchronized fluctuations in different locations could prevent
extinctions, allowing the chaotic dynamics to self-sustain. This could be a crucial mechanism
for the stabilization of diversity in natural ecosystems, in which chaotic dynamics has been
experimentally demonstrated to be widespread. However, strong diffusion could synchronize
the system, leading again to global extinctions. The transition between the chaotic and fixed
point regimes has never been explored analytically in spatially extended ecosystems. Since the
fixed point solution is an absorbing state of the system, there could also be some interesting
connection with the Directed Percolation problem, but in a system with an exponential number
of absorbing states.

Several research directions remain open also regarding the non-reciprocal coupling of com-
plex agents. In the case of the O(N) model, it would be interesting to perform numerical
simulations of the coarsening dynamics for NV > 1, to compare with our analytical results. For
what regards the p-spin, a small non-reciprocity expansion could allow us to confirm whether
aging is always destroyed, and to obtain the scaling of the timescale on which it is interrupted.
The peculiar transition from chaos to oscillating memory that we find for even p also deserves
further investigations. The effect of non-reciprocity on activated dynamics could be analyzed in
the trap model that I proposed here, whose study is still at a preliminary stage.

The macroscopic non-reciprocal coupling between complex agents may also have direct ap-
plications in a variety of biological, economic, and sociological contexts. In machine learning,
pairs of networks with adversarial goals can perform useful tasks. One example is Genera-
tive Adversarial Networks [356]. They are composed of a generator network that attempts to
produce images resembling those in a training set, and a discriminator network that tries to
distinguish between real and generated images. This antagonistic interaction enables the two
networks to train each other, but can also introduce instabilities in the learning process. It
would be interesting to apply the framework developed in this thesis to gain deeper insight into
such systems.
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Appendix A

Diverse ecological systems

A.1 Stationary probability distribution in the symmetric case

In the case of symmetric interactions (v = 1), in the single equilibrium phase, the system relaxes
to equilibrium and it verifies the Fluctuation-Dissipation Theorem (FDT) [158]:
1dC(T)
T dr

Ry(1) = (A1)

We can integrate by parts the term with the memory kernel:
t 1 rtdCy(t —
/0 Ralt — $)N(s)ds = 7 /0 C”(CZSS’)N(S)CJS _
1 ¢ !
- (cgN(t) _ C(N(0) — / Calt — s)N(s)ds) _ (A.2)
0

-1 (8- ) N(t)_/ot (Calt ) = C) N(s)ds )

T

We have obtained an additional quadratic term in N(t), and a friction term. The friction term
and the noise £ describe the coupling of the system to an effective colored bath at temperature
T, that replaces the coupling of one species to all the others.

Using Martin-Siggia-Rose-De Dominicis-Janssen (MSRDJ) formalism, we can show that the
stationary probability distribution associated with the stochastic differential equation To show
that this is the correct equilibrium distribution we need to verify that, with this as an initial
condition, time reversal is a symmetry of the associated MSRDJ action. We will do it, following
reference [175], for a simplified dynamics, that contains all the crucial ingredients:

N=N (1 — N —¢€(t) - /Ot v(t, s)N(s)ds) +n(t)VN + A (A.3)

(€(t)E(s)) = Tv(t - s) (A.4)
(n(t)n(s)) = 2T6(t — s) . (A.5)
Its equilibrium distribution is given by:
e PH
P.y(N)= 7 (A.6)
H=N?/2-N+(T—-\NlogN , (A7)

where 5 = 1/T, the inverse temperature. The white noise should be interpreted according to
Ito’s discretization. It is convenient to convert it to Stratonovich’s discretization, which is left
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invariant by time reversal. The multiplicative nature of the noise makes the two discretizations
not equivalent: we then need to introduce an additional drift term as follows

N — VN — \/jiz\/QT n\/ﬁfg . (A.8)

The MSRDJ action can be written in terms of a deterministic and a dissipative part [175,357]
S[N, N] = S9N, N] + S%5[N, N] (A.9)
S9N, N| = log Pey(N(=T)) + /_i du (iN(N(l —N)4+A-T/2-T/2)+ N — 1/2) (A.10)
S9SN, N] = [ iRy [ (6(u = 0) + v =) — )N GTNN, = Ny (A11)
The time reversal transformation for the two fields is given by:

N(t) — Ng(t) = N(~t) (A.12)
19
TN(—t) ot

A

iN(t) — iNg(t) = iN(—t) + —N(—t) . (A.13)

The deterministic and dissipative part of the action are independently invariant under this
transformation:

Sdet[NR; NR] = — logZ — 5H(N(T))+

A

+/u<<uv T]\lf_ ;uN )(Nu(l—Nu)Jr)\—T)JrNu—l/Q):

1
= —logZ — T(N%/2 — N7+ (T — X\)In Np)+

A

+1/ 0 (N2/2—N +(T =N N,) + /(N(Nu(l—Nu)—lr)\—T)JrNu—l/Z):

—log Z — BH(N +/ N ( N)+)\—T)+Nu—1/2):Sdet[N,N]

_1 9
TN_, Ou

= / (’LTNuNu — Nu) /(5v_u + Vv—uev—qu)iNv = Sdiss[N’ N] '

(%

SdiSS[NRaNR] = / (ZN—u + N—u) /(5u—v + Vu—vgu—vNu)iTN—vN—v =
u v

(A.14)

The action is invariant under the time reversal transformation using P, as initial and final
condition, therefore P, is the correct equilibrium probability distribution.

A.2 SAD under white demographic and colored environmental
noise

The species abundance distribution under a combination of a white demographic noise and a
colored environmental one was obtained in Mathematica by integrating the approximate UCNA
Fokker-Planck equation. Its logarithm takes the following form:
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1 n2r2r 2nr(r2Tdr2+kTe(—l+rr))
2 _sze+kerr+ (kTe+err)2 '

2k3/2Te(r2Td2 rz(Td—ZA(2+rr))+ker(—TeAr(5+4rr)+Td (1+rr+2Te r))+

k(Td+2nTe)+2andr
Ak A/Td \/-4 er/\r2+k(Td—4TeAr)

2 (Td - A) Log[n]

k2 Te (Te (Td=A)+r (Td —2TeA r))) ArcTanh[

I/

(\/ﬁ(kTeH’Td r)3 \/—4er/\r2+k(Td—4TeAr))— +2 Log[kn+n2rr+k}\r]—

Td
1

(k3Te2(—er+Te(Td+A))+krszzTe(STd+2A)r2+2 r3Td* 3 -
Td(kTe+er r)3

kerdTe(Td+er r—4TdTer—3Te/\r)) Log[kan+kn2Te+n2er r+de/\T]

n is the abundance, r the growth rate, k the carrying capacity, Te the amplitude of the
environmental noise, 7 its correlation time, Td the amplitude of the demographic noise, A the
immigration rate.

A.3 DMFT derivation

Here we outline the derivation, adapted from reference [66], of the Dynamical Mean Field Theory
for our system, for generic value of the spatial correlation of the interactions p.
We consider S species, indexed by ¢ = 1,...5, and their Lotka-Volterra dynamics,

Ni,u: iu 1_Ni,u_zayij,u+<i,u +D Z sz_ i,u +77;L(t) Ni,u"i')\i,u
J veau

to which we have added a perturbation to the carrying capacity ¢;, and an external immigration
Aiu, that will be taken to zero at the end of the computation. These equations (for a given value
of the n;'(t)) define the trajectories N; ,(t). We add a new species, i = 0, to the system, and we
draw its interactions and initial conditions independently from the rest of the system and with
the same statistics. At large S, thanks to the scaling of the interactions, the presence of a new
species is a small perturbation to the system, so that the trajectories of the other S species will
only be slightly modified. We consider their linear response:

ON; u( » .
Z / 5€ t/ ONO'U Z / R t t ajONO,U(tI))dt/ (A15)
vEDU,] ) v vEJuU,L

We have introduced the response function RZ’jU (t,t’) of the abundance of species ¢ in patch u at
time ¢ to a variation in the carrying capacity of species j in patch v at time ¢'.
The dynamics of species 0 will depend on these new trajectories:

NO,u:NO,u (1—N0,u—2068i (Nz?u‘i‘(SNz,u)) Z NOU_ 0,u +n0,u(t)\/N0,u .
)

veau
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Because the correlations between interaction coefficients in any two patches are the same,
these Gaussian variables can generically be decomposed into a common random contribution,
identical in all patches and proportional to the correlation p, and one independent in different

patches, proportional to y/1 — p?. We thus introduce the matrix a;; and a;'; such that o, =

u/S+o (pam- + ma;{j), Elai;] = E {aﬁj} =0, E [a%j} =E {azjﬂ =1/S, Ela;ja;;] =

E [al ;a5 J = /S and all other correlations are 0. We can rewrite the interaction term as:
_ Zam (Ngu + 5Ni,u) =— Z (,u/S +o (paol- + Ma&)) NP+
+Z (u/S +0 (paio + Ma?o)) (M/S +0 (PCLOj + magj)> : (A.16)
i-j
> / R (") No o (t")dt!

vEAU

We want to describe its statistical properties in the limit S — oco. The response function
Ry’f”(t t') is defined on the unperturbed trajectories, and is therefore uncorrelated from the

interactions coefficients with species 0. R;" U(t t') ~ 1/+/S for i # j [66], so that the off-diagonal
terms can be neglected. Thanks to the central limit theorem, 3, aojajoR ’(t,t') will converge
to its average:

Zaojajo V(t,1') = SE[agjajol E [RY ()] = 4B [RY (1,1)] - (A.17)
By similarly evaluating all terms in (A.16) we obtain:

- Z a4 (N]qu + 5Nj,u) — _NE [N]U,u} - Upgu(t) —oy/1-— pgqﬁu(t)—i-

t (A.18)

+opPy S / R (4, )] Noo(t)dt + 0*(1 — ,02)’y/ E [R5 (1,1)] Now(t)dt
vEJU 0

where &,(t) and v, (t) are Gaussian fields with zero mean and covariance E [{u(t)&,(t’ )} =

E [N]Q’u(t)N]qv(t’)}, E [z/;u(t)zﬁv(t’)} = duwE {Nﬁu(t)Nﬁu(t’)] Note that &, and the first integral
of A.18 derive from the component of the interactions constant across patches, a;;, as we can
see from the p-dependent prefactors, and they therefore couple different patches. ¢, and the
second integral of A.18 derive instead from the component of the interactions independent
across patches, aj;, and therefore represent diagonal correlations and responses. Plugging this
expression in the dynamical equation for species 0 we obtain:

NO,u = NO,u (1 - NO,u - .LLE [N]O,u} - O-péu(t) —oy/1— pZJJU(t)_"

t
+02py Z / RV (t, ) } No o (t)dt' + 02(1 — p2)*y/0 E {R}‘”j@(t,t')} N07u(t')dt'>—|— (A.19)

vEJU
1
+D (C Z NO,U _NO,U) +770,u(t)\/N0,u .

vEU

Species 0 is statistically equivalent to all the others, we can therefore replace the averages
over the S original species with averages with respect to this new dynamics for a single species,
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A.3. DMFT derivation

obtaining some self-consistent equations:

N, :Nu<1 — pthy — opEu(t) — /1 — p2ahy( —1—02/)27/ Z Ry (t, s)Ny(s)ds+

vEJU
(A.20)
/Ruuts >+D( > N, - N>+nu(t)\/E
vEJU
(€u()€u(s)) =Cun(t — 5) = E[Ny(t) Ny (s)] (A.21)
(Pu(t)hy(5)) =0uyCuu(t — ) (A.22)
OGNy (t)
Ruv(t,s) =E [ 5. (5) 4201 (A.23)
h, =E[N,] . (A.24)

Since species have been effectively decoupled, we can suppress the species index.

In the single equilibrium phase, we expect the process to reach a time translation invariant
regime, in which the one-time averages are time-independent and two-times observables only
depend on the times difference. This was shown in [12] for a single community with demographic
noise and fixed immigration and it is known to be the case for Directed Percolation [89] and
in a many-species metacommunity with constant interactions [79]. It is also confirmed by our
numerical results that show a quick relaxation of one-time observables to an asymptotic value
(see Section 4.5.2), at least away from phase transitions. Since the auto-correlation of the
abundance of one species doesn’t tend to zero at large times, we can decompose &, and 1, into
a constant and a fluctuating component:

Eu(t) = &u+ &u(t) (A.25)
Pult) = Yo + Pult) (A.26)

where éu and @Zu are (time independent) Gaussian variables with zero mean and correlations
lim; o0 Cup(t, t+7) = C2 and 6, CSs, and the auto-correlation of &, and v, go to zero at long
times. Averaging over &, ¥, and n at fixed fu and &u corresponds to performing a time-average
for one species in one patch averaging also over wu and §u corresponds to averaging over patches
and species. In this sense §u and wu play the role of the quenched disorder, that was prev1ously
represented by the interaction matrix «;;. We will refer to the average over § and 7 at fixed §u

and ¢u as thermal average and indicate 1t with brackets, and to the average over §u and ?ﬂu as
disorder average and indicate it with an overline.

While the derivation is so far valid for any spatial network, we will now restricted ourselves
to a fully connected network, in which the empirical average over neighbors can be replaced by
its thermal average. In the large L limit the connected correlation over thermal fluctuations
between N, and N, is sub-dominant, so that &, and &, become independent. A perturbation in
patch v influences the abundance in patch u through the diffusion term, that in a fully connected
network is of order 1/L, therefore Ry, for u # v scales as 1/L, whereas R,,, is of order 1. Since
all patches are equivalent, the elements of the R,, matrix can only take two values:

Ry, = Rg (A.27)
Ry, = Ro/L, u#v . (A.28)
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Chapter A: Diverse ecological systems

Same thing for C,:
Coo = CF° (A.29)
Coo=0C3°, u#wv. (A.30)

We separate &, in a patch independent and a patch dependent part: &, = 2/ O 4wy /CF — CF°.
We call patch disorder average the average over w, and ﬁu; species disorder average the average
over z. %Zv N, concentrates around its average over thermal fluctuations and patch disorder
N*, that will be a function of the static Gaussian field z. Substituting in the dynamical equation
and using time translational invariance we obtain:

N:N(k—N—uh—a(p\/Cgoz—i-p\/Cgo—C0°°w+\/1—p2 C®tp + pé + 1—p2¢))+
+No?y (,02 /th(t—s)N(s)ds—l—pQ/tRo(t—s)N*(s)ds+(1—p2) /th(t—s)N(s)ds

0 0 0
+D(N* = N) +n(t)

:N(k—N—uh—a(p\/Cgoz—i-\/C’go—p2C'§°w+§

_l’_

)+

+NoZy (/Ot Ry(t — s)N(s)ds + pQRE”tN*> + D(N" = N) + () VN,

N———

N—

where we have summed the random variables that had the same behaviour of the correlations
(w and 1, £ and ), and

Rint — / drRo(7) . (A.31)
0

The equations simplify in the extreme cases p = 1 and p = 0, because only one of the
components of the static part of the disorder is present, either w or z. For p =1 C3° = Cg°.
For p = 0 N* coincides with h, so that we have one less self-consistent equation, and Ry is not
present; these two facts greatly simplify the numerical solution of the equations.

A.4 Asymmetric interactions

The MSRDJ action with non symmetrical interactions is given by:
S[N,N :/i N, (N k—D(1—c*yN*R™) — uh +0,/C®z — N, ) +
[ ] " ( u u ( ( v 0 ) 1% d u)
1 - N .
~T + DN*) +N— 2) + / iN, (TN N, — N,)+  (A32)
u

2
-7 / iN.N, / C(u — v)iN, N, +~0° / iN.N, / R(u —v)N, + (log P(N(0))),

where we have defined C%(u — v) = Cy(u — v) — C3°. If the introduction of a small asymmetry
in the interactions (¢ = 1 — v < 1) is a non-singular perturbation, all the self-consistently
determined quantities in the action (h, Cy, Ré”t and Ry) will be close to their counterparts for
v = 1. At first order in € we can neglect their change; therefore R; and Cy will still respect a
Fluctuation-Dissipation Relation. We can separate the action in a part that would respect FDT
and a part that breaks it explicitly:

60'2 A .
55 = / CC_LiN NN, . (A.33)
T uU>v
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A.5. Extinction threshold and diversity (for p = 1)

An average (f(N¢)) can be expanded as:
(f(N)) = {f(Ne))o + (f(N)dS)o + O() (A.34)

where (-)o indicates the average with respect to the action neglecting 4.5.
We want to estimate the scaling of
2
eo? €o 0 9
N)3S)o / [(F(ND) NN, N ce il 2
<f( t t) > T s u vavdgu
to show that it is not singular approaching a phase transition. In the simple equilibrium phase
the connected correlation function decays exponentially, with a typical relaxation time 7 that
could diverge at the phase transitions:

C(u —v) ~ ((N2) = (N)2)e lu—vl/T | (A.36)

(f(Ne)Ny)o  (A.35)

The correlation function (f(N¢)N,)o will contain a v independent part (that we can neglect since
we will be taking the derivative in v) and a connected component of order 1 that decays with
the same relaxation time 7. Perturbing the system with a field ¢, this observable will respond
as:

0 1
s (F(NONuJo o e (t=v)/7 (A.37)
Inserting these scalings in equation A.35 we obtain:

2

€o” —(u-v)/r 9. <1 (tv)/r> _
<f(Nt)5S>O > T uU>v c 81} €

/ dve~(t=v) / due~ (V)T = (A.38)

T27-2
2 2

_ €0 —(t=v)/7 (1 _ —(t—v)/T _ €T _T) _ 0"
T2T /_ood”e (1 € ) T?r (T 2) T or7 "

Considering a small asymmetry in the interactions observables are shifted by a correction of
order €, where the prefactor is of order 1 and has no divergence at the phase transitions. We
thus expected the phase diagram to remain qualitatively unchanged.

A.5 Extinction threshold and diversity (for p = 1)

The self-consistency condition for N* reads:

' AN Ne—BHess(N:h,C§,05 Ry 2,N*)

* — . —_—
N*(z) = <N>Heff(N;h,CSCfi°,Ré"*,z,N*) - IS AN e—BHess(N:h,CJ.C5 R 2,N*) (A.39)

N* =0 is always a solution of this equation, we want to find the value of z at which it becomes
unstable.
We can separate the effective Hamiltonian into a quadratic and a logarithmic part:

Hepp(N;h,CS,C8°, R, 2, N*) = Hy(N; h,C9,C, Ri™, 2, N*) + (T — DN*)In N . (A.40)

For N* — 0 the logarithmic part gives rise to a non-integrable divergence in 0 in the denominator.
To improve the numerical stability of our solution at small N* we performed an integration by
parts of the denominator:

/OO dNe PHess /OO dNe PHa N—1+BDN” ! /OO dNe—#a ooy 4Hq (A.41)
e € = (& = - (& —_ . .
0 0 DN* Jo dN
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Figure A.1: Self-consistent solution for N*(z) (blue), coefficient of the first order expansion
c1(z) (orange) and Gaussian probability distribution P(z) (green). The highlighted region

corresponds to the non-extinct species, its area is the diversity of the ecosystem. T' = 0.4,
D=0.15pu=1,0=05.

The integral is now finite for N* — 0 and we can expand eq. (A.39) in powers of N*:

e dNe—BHq NBDN*(2)
Jo° dNe=BHq Uy NBDN*(2)
Jo© dNe=PHa
Jo~ dNe=FHq %

N*(z) = DN*(z)

(A.42)

= N*(2)D +O((N*(2))?) .

The term of order N*(2)? is always negative, therefore the number of solution depends on the
coefficient of the N*(z) term: if ¢1(z) < 1 the only solution is N*(z) = 0, if ¢;(z) > 1 the
N*(z) = 0 solution is unstable and there is a positive stable one. We define the effective growth
rate 7.rp = 1—0?B(CY—C5°)) and the effective growth factor refrgesr(z) = k—ph—2,/CP0 +
Do? N*Ri™. The extinction threshold z* (Figure A.1) is given by:

B B B (geps(z*)ress — D)? B Gess(z)ress — D
1=D 2ot exp (2 vt > (1 + erf ( 5 ( — ))) . (A.43)

As noted in reference [79], this is the same condition that would determine the criticality of
the Directed Percolation process with corresponding growth rate and growth factor:

Ny =repp(N2/2 — gegsNy) + D (; SN, - Nu) + 1V Ny (A.44)
(nt)n(t') =2T(t —t') . (A.45)

The diversity, given by the fraction of non extinct species, can be obtained as:

= /:o P(2)dz = %erfc <f;;> . (A.46)
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A.6. Response to a variation of the carrying capacity

A.5.1 Continuous transition point

At the continuous transition, all moments of IV tend to zero, and we can expand the extinction
condition (A.43) in powers of these moments. Keeping only the zeroth order we obtain an
equation on the critical value of the diffusion constant:

-DO B?ﬂ-eg(kaO)Q (1 +erf (\/g(k_D0)>) =1. (A47)

This condition has no dependence on the distribution of the interactions, indeed it is the same
that we have derived for a single DP process in Sec. 4.2.1, or that would be obtained with
constant competitive interactions [79].

By a careful (and cumbersome) expansion of the self-consistent equations, we can show that
approaching the continuous transition h oc gg oc D — Dy, qo o< (D — Dg)?, and 2z* (and therefore
¢) has a finite limit.

A.6 Response to a variation of the carrying capacity

Here we study the response of the system to a perturbation of the carrying capacity k£ in the
case of independent interaction coefficients (p = 0). The response of the order parameters to a
variation of k involves some connected moments of N and the derivative of H in k:

dh / > ( [dNNe PH(—B)YdH/dk [dNNe PH dee—BH(—ﬁ)dH/dk>
ak ~ ] 7 N -

JdNe=oH (JdN 6‘52 f] — (A.48)
—-p <<Ndk> - <N><dk>>
0
“i_ g <<N2§Z> - <N2><‘f§f>) (A.49)
WL _ g (<N><NZIZ> - <N>2<‘ﬁ§f>> . (4.50)

Thanks to the fact that p = 0, H has the simplified form:
H=(1-0%3(Ch~CF)) N?/2+ (uh —k+ D~ 2,/C )N + (I' = Dh)nN . (A51)

dH /dk depends on the derivative of the order parameters in k:

dH _ , 0Hdh  OH dCcy =~ OH dCy

@k~ N T ondr T ace ar T a0 dk (A.52)

OH

oH 28

g _ TPy A54
oCY 2 (A.54)
OH 2B 1

— 7PN N. A.

aCF ~ 2 2,/C (A.55)
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Substituting dH/dk in Equations (A.48-A.50) we obtain:

= (- (7 - +

+ [1 (82— TP2) - D ([N Tog Ny — [N log V)| G+
' (A.56)
_ZB (@ - ) 2Oty

o3 dcye }

[ ) et ]

104 — _p{ - (% - ) +

+ [ (V9 — V1) — D (V7 1og V) — (N} log )| 0+

2 0 (A.57)
= (- ) s
0B (o Tomg -
+ TB (V) - (v72) - 2\/07"o o ()2~ (V) N)z )] ddcg }
T~ ] - (T - )
n [N <<N><N2> — <N>3) - D ((N)(NlogN) —(N)? <10gN>>} Z: (A.58)
o2 |
-2 (v - ) S
o2 g
¥ [zﬁ (YN — NP2V — 5 (TN - <N>BZ>] ddcfj} |
We collect the three order parameters in a vector p'= (h, CO? qo)T' Then %I’Z satisfies:
dp .dp
o J% 7 (A.59)

where J is a 3 x 3 matrix and s a vector; their elements are the coefficients of Equations (A.56-
A.58). The solution is given by:
W_ i iy
—=—(J-1)""%. A.60
T -1 (A.60)
The response to a variation of k diverges if J —1 has a zero eigenvalue, this is found to happen
when approaching the discontinuous transition.
We expect the same qualitative behavior of the response to perturbations for generic values
of p, but for p # 0 we need to take into account also the variations of the function N*(z), which
leads to the study of an infinite dimensional matrix.
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A.7. Numerical scheme

A.7 Numerical scheme

The numerical simulation of demographic noise poses some technical challenges. Naively sam-
pling it as a Gaussian variable can result in negative species abundances, an unphysical result
that makes the scheme numerically unstable. A clever solution was found in reference [180], and
improved in [12,181]. The idea is to separate the process in a deterministic part:

) 1
Niw= Niu (1 — Nijy— Z a;ijj,u) +D (L Z Niy— Nu> (A.61)
j v

and a stochastic one:
Ni,u = Ni,uni,u . (A62)

At each time step we numerically integrate the two in sequence. For the stochastic part an exact
solution of the associated Fokker-Planck equation is available for any initial condition, and it
can be efficiently sampled using Gamma and Poisson variables:

Ni,u(t> = Gamma (Poisson (W)) Tdt . (A.63)

For the deterministic part we rely on Euler method.

Ni,u(t + dt) = (Nz,u(t) (1 - Ni,u<t) - Za%Nj,u(t)) +D (2 ZNi,v(t) - Nz,u(t)>) dt .
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Appendix B

Non-reciprocal interactions

B.1 DMFT derivation for two non-reciprocally coupled spheri-
cal SK models

Given the noise realizations nf(t), Eq. (6.1) deterministically define the trajectories s(t) for
the 2 clones of the N spins, indexed from 1 to N. Let us imagine to now add a new spin, with
index 0, to each of the clones, and draw their initial conditions and interactions independently
from the rest of the system. Since the interactions with each of the other components are of
order 1/ VN, its introduction can be considered a small perturbation, and we can compute the
linear response of each of the trajectories to it, dsf(¢):

Z/ dt' RE (¢, ) Jj0s5 (') (B.1)

where Rf}’(t, t') = ;;Z ((f,)) is the response of spin i to a perturbation applied on spin .
j

The dynamics of spins 0 will depend on the new trajectories of all the others:

56 = ZJOJ (57 +ds%) —6“58+Zaeabsg+n8+h8 . (B.2)
i=1 b

We now want to describe the statistic of the interaction term Z;V:l Joj (8§ +ds%) in the limit
N — 00. Because it is the sum of many weakly correlated terms, we expect it to be Gaussian,
so that we only need to compute its two first moments. The unperturbed trajectories contribute
a colored noise »_; Jo;sj ~ &q. Since the s7 are by definition uncorrelated from the interactions
with spins 0, we can easily compute the statistics of &;:

<€a( )) =Y, (B?’)
(Ca(®)&(t) = E [s?(t)si?(t’)} = Ca(t,t) . (B4)

The perturbations of the trajectories are instead correlated to the interactions with 0. We
can use their explicit expression from Eq. (B.1):

ZJ0155 ZJOZZJJO/ dt Rab t,t) ( Y~
~ Z/ dt Rab t, t/ ( ;/0 dthab(t,t/)Sg(t/) .
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B.2. DMFT derivation for two non-reciprocally coupled spherical p-spin models

We have approximated the sums over spins with averages, and used the fact that Jo;Jjo = d;j,
where the overline indicates an average over spins. Rg(¢,t’) is the average response function of
a spin to a perturbation of its dynamics. It is possible to show that the off-diagonal terms give
subleading contributions [66].

Substituting the results in the dynamics for sf we obtain:

t
§0 = —s5 + > sy + 0l +hi+ &+ D /O dt' Rap(t,')so(t') . (B.5)
b b

It is now crucial to note that spins 0 are equivalent to all others, and that when N is large the
system composed by N or N + 1 spins are equivalent. Therefore the response and correlation
functions that define the effective dynamics of spins 0 can be self-consistently computed as
averages over the effective two spin dynamics.

The resulting equation does not depend on the index, therefore we can drop the index 0 in
the following and rewrite the equation in vectorial form as:

t
s=—As+aest €+ / dt'R(t,)s(t') +h (B.6)
0

where s = [s!,5%]7 is a two-dimensional vector that contains the two spins, A = diag(¢!, ¢?)
is the diagonal matrix of the Lagrange multipliers, € is the fully anti-symmetric Levi-Civita
symbol. The noise vector £ is Gaussian with zero mean and variance (&,(¢)&,(t')) = 27040 (t —

t') + Cup(t,t'). Finally,

9(sa(t)) .

Conlt) = (sa(t)s5(t)), oot V) = 55 1

(B.7)

are the average correlation and response matrices, which have to be determined self-consistently.

B.2 DMFT derivation for two non-reciprocally coupled spheri-
cal p-spin models

In this appendix, we derive the DMFT equations for two non-reciprocally coupled p-spin models.
Since the procedure is analogous to all previously considered cases, we simply sketch the main
steps: We start from the dynamics of two pairs of N spins:

Z Jiia,.. ZPSZIQ —lls +as +77Z +h1 (B.8)

127

.é Z Jiio,.. 1p5122 l20’ —as +nz —l—h2 (B.9)

227

We add a new spin, with index 0, to each of the systems, and sample randomly its initial
conditions and interaction coefficients. The introduction of spin 0 leads to a small perturbation
of the dynamics of all other spins, which at linear order is given by:

t 1
Z/ 5hb 1)| Z Jj,O,ig,...,ipsg(t/)S§3(t,)...Spr(t/) =

13,...0p

(B.10)
o ,Z/ dt' R (¢, 1) Z J0,is i S0 ()55 ()57 (1)

13,..
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Chapter B: Non-reciprocal interactions

The dynamics of spin 0 depends on the perturbed trajectories of all other spins:
Z J0,i,. Ot 058)..((s2)" + 058 ) — las + D aeqpsh + 116 + h§ (B.11)
127 b

Since we are interested in the linear order, we only keep terms with a single perturbation of the
trajectory, which can be rewritten as:

S iy S8 (£)..o88 (£)852(1) =

12,...0p

= Z JO,i,...ip S% (t)...s?p (t)

i2,.0p

t
Z/_ dt' R (t, ) Z . 0,isr iSO ()55, ()57 () ~

3,

(B.12)

e 12/ 4t Rap(t, ) Cop (£, VP~ 25b(¥)

The terms with the unperturbed trajectories can be replaced by a Gaussian noise:
1 0 0
oD 2 o (8) " (55)" ~ & (B.13)
12,...0p

The noise has mean 0 and correlations:
()& (t) = gc*ab(t,lt’)p*1 (B.14)

Plugging these contributions in the dynamics for s§ we obtain:

-1 t
§ = —las" + Y €apas’ + 10 + & + p(p2) / dt"y " Rap(t,1)Cap(t, )P 2s(t')  (B.15)
b

b — 0o

By multiplying by s® and averaging or by differentiating by the effective noise we can obtain a,
set of closed integro-differential equations for R and C:

t/
octt) _ —A)C(t,t) + aeC(t,t') + 2T Rt , t)+
ot
1 (B.16)
+5 dt"R(t', ") (D(t t") + D(t,t")" / dat"s(t, e ", t)
8R(t,t/) / / / " " )
o = “ABRE ) + acR(tt) + ()1 + /t dt"s(t, "R, 1) (B.17)
where A is the diagonal matrix containing the two Lagrange multipliers, which are given by
ity =T+" < - ) Z/ dt" Ry (£, ") Clay (£, )P~ + (B.18)
p " 7 mp—1
= dt" Rap(t, t")Cha(t, )P~ 1, B.19
+1 /0 (£ ")Coa (£, ") (B.19)
and
o P (Cutt)P~t Cro(t, )P
D(t7t) - 2 (CQl(t,t/)pl CQQ(t,t/)pil (B2O)

n P —1) (Riy(t,t)Cri(t,¥')P~2  Ria(t,t')Cia(t, t/)P2
Bt 1) = 2 (Rgl(t,t’)C'gl(t,t’)p2 Roo(t,t)Coa(t,t)P2) (B.21)
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RESUME

De nombreux systémes complexes — des communautés écologiques aux réseaux neuronaux, et des grandes économies
aux verres de spin — sont composés d’un grand nombre d’éléments simples interagissant de maniére hétérogene. Ces
systémes peuvent présenter des comportements émergents surprenants qui peuvent étre étudiés a I'aide des outils de
la physique statistique. Pourtant, on en sait encore peu sur ce qui se produit lorsque deux ou plus de ces systéemes
complexes sont couplés, une situation générale qui peut se produire dés qu’il existe plusieurs niveaux d’organisation.
Dans cette these, j'étudie deux cas pour lesquels un tel cadre est pertinent.

Le premier est une méta-communauté écologique, un réseau de communautés écologiques locales (chacune composée
de nombreuses espéces), interconnectées par la migration des individus. Alors que dans une communauté isolée, les
fluctuations conduiraient a I'extinction progressive de toutes les espéces, le réseau spatial permet de compenser ces
extinctions locales par des recolonisations. J’ai montré que la présence d’interactions hétérogénes permet de stabiliser
I'écosysteme bien au-dela de ce qui serait possible sans elles. Cela est di a I'’émergence spontanée d’interactions
mutuellement bénéfiques. Toutefois, ce méme mécanisme induit un point de bascule : au-dela d’un seuil critique,
I'écosysteme s’effondre, passant d’'une grande diversité a une extinction totale. Jai identifié des signaux permettant
d’anticiper ce basculement avant qu’il ne survienne.

Dans la deuxieme partie de la these, je décris I'effet des interactions non réciproques sur des paires de systemes com-
plexes. Certains systemes complexes peuvent subir une transition de phase, aprés laguelle ils présentent un phénomene
appelé vieillissement : plus le systeme est ancien, plus il évolue lentement. Il avait été suggéré que toute non-réciprocité
détruirait ce phénomeéne, menant a la place a une dynamique chaotique. J’ai montré au contraire que le sort de cette
phase ralentie dépend de la maniére dont cette non-réciprocité est introduite. J’ai découvert une transition d’'une phase
désordonnée statique a une phase amorphe oscillante, caractérisée par un vieillissement non réciproque avec une dy-
namique lente et des oscillations. J’ai également développé une série de criteres pour déterminer si I'ajout de interactions
non réciproques infinitésimales a un systéme subissant une transition de phase modifierait son comportement critique.

MOTS CLES

Physique statistique, Ecologie théorique, désordre, dynamique hors-equilibre, interactions non-réciproques

ABSTRACT

Many complex systems — from ecological communities to neural networks, and from large economies to spin-glasses
— are composed of many simple components interacting in a heterogeneous way. These systems can exhibit surprising
emergent behavior which can be studied with the tools of statistical physics. However, little is known about what happens
when two — or many — of such complex systems are coupled together, a general situation that can arise whenever there
are multiple levels of organization. In this thesis, | study two cases for which such a framework is relevant.

The first is a diverse ecological meta-community, a network of local ecological communities (each composed of many
interacting species), interconnected by migration of individuals. While in an isolated community fluctuations would lead
to the progressive extinctions of all species, the spatial network enables the compensation of local extinctions by recolo-
nizations. | have shown that the presence of heterogeneous interactions stabilizes the ecosystem in conditions in which
an isolated species would go extinct. This is possible thanks to the spontaneous emergence of mutualistic interactions.
However, this same mechanism induces a tipping point, beyond which the ecosystem collapses, shifting from high diver-
sity to extinction of all species. | have identified probes that enable to predict this tipping point before it occurs.

In the second part of the thesis, | describe the effect of non-reciprocal interactions on pairs of complex systems. Dis-
ordered systems can undergo a glass transition, after which they exhibit aging: the older the system is, the slower
it evolves. Previous studies have long suggested that non-reciprocity tends to destroy glassiness, generating instead
chaotic dynamics. Studying a bipartite spherical Sherrington-Kirkpatrick model | was able to show that this is not always
the case. | uncovered an exceptional-point mediated transition from a static disordered phase to an oscillating amorphous
one, characterized by non-reciprocal aging with slow dynamics and oscillations. | have also developed a series of criteria
to determine whether adding small non-reciprocal interactions to a system undergoing a phase transition would change
its critical behavior.
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Statistical physics, theoretical ecology, disorder, non-equilibrium dynamics, non-reciprocal interactions
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